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Abstract

I develop an estimation and inference framework for distribution regression in dyadic network set-

tings with two-way fixed effects that vary across thresholds of the outcome. I show that identifica-

tion of the structural parameters is achieved through binarization of the outcome at each threshold,

and estimate the model by conditional maximum likelihood, which “differences out” the fixed ef-

fects and circumvents the incidental parameter problem. The estimator remains asymptotically un-

biased under sparsity, whether from the network structure or binarization at extreme thresholds.

The second novelty is to establish the joint asymptotic distribution of the estimators across mul-

tiple thresholds with different convergence rates, and to develop simultaneous confidence bands

and tests for equality of coefficients across thresholds. Monte Carlo simulations confirm small bias,

valid inference, and correct simultaneous coverage under sparsity. An application to bilateral trade

finds that coefficients vary substantially across the distribution, with equality rejected for key trade

barriers.
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1 Introduction

The vast majority of studies, especially for network models, estimate the effects of covariates on

the mean of an outcome variable. However, in many settings, interest also lies in how the effects of

covariates vary at different locations of the outcome distribution. For instance, in gravitymodels of

international trade, the effects of trade barriers on bilateral exports may differ substantially across

quantiles of trade flows. The distribution regression (DR) approach, initially proposed by Foresi

and Peracchi (1995) and developed further by Chernozhukov et al. (2013b), addresses this by di-

rectly modelling the conditional distribution function through a sequence of binary choicemodels.

At each threshold y, defined as a value of the outcome variable yij , the outcome is binarized into

an indicator of whether it falls at or below y, and a binary response model is estimated. Varying

the threshold characterizes how covariate effects differ across the distribution. Because the condi-

tional distribution is approximated pointwise, the approach accommodates outcomes with point

masses, such as variables bounded below at zero, without requiring smoothness of the conditional

density.

A broad range of economic relationships involve bilateral interactions between agents, naturally

giving rise to network data. Examples includemodels for international trade flows (Helpman et al.

2008), firm-level trade networks (Alfaro-Urena et al. 2023, Bernard et al. 2022), and earnings in

employee-employer data (Bonhomme et al. 2019). In many of these settings, heterogeneity in the

coefficients of covariates across different locations of the outcome distribution is of direct economic

interest. Importantly, many of these networks are sparse, with only a small fraction of potential

bilateral links realized.

Accordingly, I consider a directed network structure through a dyadic model (where the out-

comes reflect pairwise interactions among the sampled units, Graham, 2020) with additively sep-

arable two-way fixed effects that capture unobserved heterogeneity of senders and receivers. In

many network settings, nodes (agents) differ substantially in their unobserved characteristics, and

failing to account for this heterogeneity can bias the estimated effects of covariates. In addition,

in network formation models, the fixed effects capture degree heterogeneity, that is, the tendency

of some nodes to form more or stronger connections than others. In the distribution regression

setting, the fixed effects play an analogous role: capturing node-specific shifts in the conditional

distribution at each threshold, allowing for systematic differences across senders and receivers

in the level of the outcome. Both the structural parameters and the fixed effects are allowed to
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vary across levels of the outcome, providing a flexible characterization of the conditional distri-

bution. Moreover, the fixed effects are treated as unrestricted parameters, with no distributional

assumption imposed, neither on their distribution across nodes nor on their relationship with the

covariates.

Each threshold of the distribution regression involves a nonlinear binary choice model with

two-way fixed effects. Estimating these models by maximum likelihood gives rise to the inciden-

tal parameter problem (Neyman and Scott 1948), since the number of fixed effects grows with

the sample size, yielding asymptotically biased estimates and invalid inference. This problem is

compounded by network sparsity, which occurs through two channels in the distribution regres-

sion setting. First, in sparse networks with outcomes bounded below at, for instance, zero, a large

fraction of observations sit at the bound, so that the first threshold at which the binarized out-

come varies already corresponds to an extreme quantile, compressing the estimable range into a

sparse regime. At thresholds just above the bound, most binarized outcomes equal one, leaving

many units without informative variation, rendering their fixed effects unidentified. Second, even

in denser networks or with unbounded outcomes, binarization at extreme thresholds generates

sparsity, since few observations fall in the tails.

To address these challenges, I develop a distribution regression framework based on the con-

ditional maximum likelihood estimator (CMLE) of Charbonneau (2017) and Jochmans (2018),

originally proposed for network formation models. At each threshold, the approach relies on con-

ditioning the likelihood function on a specific set of conditions for quadruples of nodes of the

network, so that under a logistic specification the fixed effects are “differenced out” from the like-

lihood. Therefore, it yields estimates that are free of the incidental parameter problem and remain

valid under sparsity.

The contributions of this paper are threefold. First, I show that the structural parameters are

identified in the flexible specification where both the coefficients and the fixed effects vary across

thresholds, and that identification remains valid under network sparsity. The key mechanism is

the binarization of the outcome at each threshold, which serves not only as an estimation tool but

as an identification strategy. The pointwise asymptotic properties at each threshold follow from

Jochmans (2018), and Monte Carlo simulations confirm low bias and valid pointwise inference

across different degrees of network sparsity, including at extreme thresholds.

Second, I develop methods for inference across thresholds. The object of interest in distribu-

tion regression is the entire profile of coefficients, and the empirical question is not only whether
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the effect of a covariate differs across the distribution, but where. Pointwise confidence intervals,

plotted threshold by threshold, under-cover when interpreted jointly, while a joint equality test

such as a Wald test delivers a single rejection decision without by itself indicating which parts of

the distribution drive it. To address this, I derive the joint asymptotic distribution of the estimator

across a finite number of thresholds, accommodating both the cross-threshold dependence (since

the binary indicators at different thresholds are constructed from the same underlying outcome)

and the varying convergence rates induced by the different degrees of sparsity at different loca-

tions of the distribution, without restricting these rates relative to one another. The main result is

stated as a Gaussian approximation whose correlation matrix varies with the sample size, which

requires the dependence across thresholds to be non-degenerate but it does not impose it to have a

fixed limit. Using this result, I construct simultaneous confidence bands via the sup-t approach of

Montiel Olea and Plagborg-Møller (2019), which cover the entire coefficient path with prescribed

probability and thereby indicate where in the distribution the effects differ; inverting the bands

yields a test of equality of the coefficients across thresholds. The Wald test is also asymptotically

valid and complements the sup-t test, as the two have power against different alternatives. In fi-

nite samples, however, the sup-t bands deliver correct simultaneous coverage and the equality test

maintains size close to the nominal level across designs, while the Wald test shows size distortions

for some covariates as the number of thresholds grows.

Third, I apply the method to gravity models of international trade, testing whether the effects

of trade barriers vary across the distribution of bilateral trade flows, a question with direct im-

plications for welfare analysis in the international trade literature (Arkolakis et al. 2012, Melitz

and Redding 2015, Bergstrand and Clance 2025). The setting is a natural one for distribution re-

gression, since the outcome is bounded below at zero, approximately 55% of country pairs record

no bilateral trade, and the distribution among those with positive trade is heavily right-skewed.

Moreover, recent evidence suggests that the effects of trade determinants vary substantially across

the conditional distribution of trade flows (Baltagi and Egger 2016, Bergstrand et al. 2025), mo-

tivating methods that go beyond conditional mean estimation. The estimated coefficients indeed

vary substantially across the distribution: the coefficient on distance increases from approximately

1.05 at the median to 1.78 at the 99th percentile, indicating that distance is a stronger barrier for

the largest bilateral trade relationships, and the sup-t test rejects the null of constant coefficients

for distance, common legal system, and border, providing formal evidence of heterogeneity in the

structural parameters across the distribution.
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In general, conditional maximum likelihood methods eliminate the fixed effects by condition-

ing the likelihood on specific sets or sufficient statistics, avoiding their estimation entirely. In the

network setting, Charbonneau (2017) introduces the approach for directed networks, Jochmans

(2018) establishes its asymptotic theory under sparsity, and Graham (2017) develops a related ap-

proach for undirected networks. Recent extensions include triadic network formation with dyad-

level fixed effects (Muris and Pakel 2025), unified frameworks for static and dynamic binary choice

in panels and networks (Dano et al. 2025), estimation for ordered outcomes in networks (Muris

et al. 2025), and two-way duration models (Roelsgaard 2025). Relatedly, Bonhomme and Dano

(2024) derive moment restrictions that eliminate fixed effects through functional differencing.1

The present paper extends the framework from a single binary choice model to distribution re-

gression, studying how structural parameters vary across the outcome distribution. The binariza-

tion at each threshold, which underpins identification in this paper, is related to the strategy used

in the fixed-effects ordered logit literature to identify a common coefficient under the proportional

odds assumption (Das and Van Soest 1999, Baetschmann et al. 2015, Muris 2017). More broadly,

the identification argument of this paper extends to generalized ordered choice models with fixed

effects, including dyadic and network structures, where coefficients vary across categories; to my

knowledge no estimator is currently available for that setting.

The setting considered in this paper builds on Chernozhukov et al. (2024), who, to my knowl-

edge, are the first to propose distribution regression for networkmodelswith two-way fixed effects.

The key difference lies in the estimation method employed at each threshold. They address the in-

cidental parameter problem at each threshold through analytical bias corrections (Fernández-Val

and Weidner 2016). Several related approaches have been proposed for single binary choice mod-

els in networks, including analytical corrections for probit specifications (Dzemski 2019) and jack-

knife bias corrections (Hughes 2026). Thesemethods require dense network asymptotics, meaning

that the link probabilitiesmust be bounded away from zero and one.2 In the distribution regression
1Approaches that relax the logistic specification or the additive structure of the fixed effects have also been developed

for network formation models. Candelaria (2020), Toth (2017), and Gao (2020) study identification of the structural

parameters without a known parametric form for the disturbance term, while Zeleneev (2026) allows for nonparametric

structure in the unobserved heterogeneity. These methods are developed for single binary choice models, primarily in

undirected networks, and impose alternative assumptions such as special regressors, continuously distributed covari-

ates, or compact support of the unobserved heterogeneity.
2Yan et al. (2019) allow fixed effects to grow at rate logn, permitting some degree of sparsity, but expected degrees

must still grow nearly proportionally to n.

5



setting, this translates to requiring that the probability of the outcome falling below a given thresh-

old is bounded away from zero and one at each threshold, a condition that is necessarily violated

in the tails of the distribution, where the binarized outcome has little or no variation. In applica-

tions where, for instance, the outcome is bounded below at zero, and there is a high prevalence of

zeros, the threshold at which the binarized outcome first exhibits variation already corresponds to

an extreme quantile, so that this condition fails broadly rather than only in the tails.

The conditional maximum likelihood approach does not require this assumption. The fixed

effects are eliminated from the likelihood entirely, and the estimator remains consistent under se-

quences where the link probabilities can approach zero or one. The Monte Carlo simulations con-

firm this contrast in finite samples. An advantage of the bias correction approach, however, is that

it delivers estimates of the fixed effects, enabling the construction of counterfactual distributions

and average partial effects, objects that the conditional likelihood approach cannot recover, since

the fixed effects are eliminated by conditioning. The two approaches are therefore complementary,

with the choice depending on whether the application requires inference on structural parameters

under sparsity or estimation of fixed effects for constructing counterfactual distributions and aver-

age effects, which requires a dense setting.

Plan of the paper. Section 2 outlines the model and presents the estimation method; Section 3

shows the pointwise asymptotic properties of the proposed estimator and discusses the sparsity

conditions and the estimable quantile (threshold) range; Section 4 derives the joint distribution

of the estimators across a finite number of thresholds, and constructs the sup-t confidence bands

and equality tests; Section 5 presents the different settings for theMonte Carlo simulations and the

obtained results; Section 6 applies themethod to gravity models of international trade; and Section

7 concludes.

2 Model and Estimation

2.1 Distribution Regression Model for Networks

This section introduces the distribution regression model for a directed network structure formed

through bilateral ties of units. To accommodate the network framework, a general dyadic setting is

considered. More specifically, the conditional distribution function is parametrized as a function

of dyad-specific characteristics and fixed effects for each unit in the observed pair of nodes.
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The model follows Chernozhukov et al. (2024), who introduced the distribution regression

framework with two-way fixed effects for network data. Let {(yij ,xij) : (i, j) ∈ D} be the observed

dataset, where yij is a scalar outcome variable that can be discrete, continuous or mixed for a dyad

(i, j), and xij is a vector of dyad-specific covariates, such as measures of distance or similarity

between units. Let Y be a region of interest in the support of the outcome and X ⊆ Rp the support

of the covariates. The asymptotic theory is developed for a finite collection of thresholds in Y ;

when the outcome is discrete with finite support, Y can be taken as a subset of the support, while

for continuous outcomes,Y is a finite grid of values in the support. The set of nodes3 in the network

is given by N = {1, 2, . . . , n}, and the set of observed dyads is D = {(i, j) : i ̸= j, i, j ∈ N}, with

|D| = n(n− 1).4

The unobserved heterogeneity of units i and j is captured by vectors νi and ωj of unspeci-

fied dimension, whose relationship with the covariates xij is left unrestricted. I assume that the

conditional distribution of yij given (xij ,νi,ωj) is given by:

Fyij (y | xij ,νi,ωj) = Λ
(
x′
ijθ0(y) + α (νi, y) + γ (ωj , y)

)
, y ∈ Y, (i, j) ∈ D, (1)

where Λ(·) is a known link function, and θ0(y) is an unknown parameter vector of interest varying

with y. α (νi, y) and γ (ωj , y) are unspecified measurable functions that can be seen as the unob-

served individual fixed effects at a given level of y. This model is naturally semiparametric, not

only because the parameters are allowed to vary with the output levels but also because it does not

restrict how the individual unobserved effects correlate with the covariates. For notational simplic-

ity, and without loss of generality, I denote θ0(y) = θy,0, αi,y = α(νi, y) and γj,y = γ(ωj , y). When

referring to a finite collection of thresholds {y1, . . . , yK}, the parameter vector at the k-th threshold

is denoted θyk , with θyk,d its d-th element.

Throughout this paper,Λ(·) is the logistic distribution. While the distribution regression frame-

work accommodates general link functions (Foresi and Peracchi 1995, Chernozhukov et al. 2013b),

the logistic specification is standard in fixed-effects settings (Charbonneau 2017, Jochmans 2018,

Chernozhukov et al. 2024). This specification is essential for the conditional likelihood approach

in Section 2.2, since it is the only link under which conditioning on sufficient statistics yields a

likelihood free of nuisance parameters.
3Thoughout the paper, I use units, nodes, or individuals interchangeably.
4We consider that all the nodes are senders and receivers, but the method in this paper also allows for cases where

the nodes that are senders differs from the nodes that are receivers, i.e., i = 1, . . . , I and j = 1, . . . J , with I ̸= J ; and

also for self-links to be formed.
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A key feature of this model is the two-way fixed effects, which account for part of the de-

pendence across dyads. For instance, the outcomes for dyads (i, j) and (i, k) can be correlated

through the shared sender effect αi,y and possible correlations in covariates sharing index i. Al-

lowing sender and receiver effects to differ, together with yij and xij not necessarily equal to yji

and xji, accommodates directed networks. However, notice that the model outlined in this sec-

tion and the estimator proposed in the following section can be easily modified to accommodate

undirected and bipartite networks. The additive separability of the fixed effects, which is standard

in the network formation literature (Charbonneau 2017, Jochmans 2018, Graham 2017), is what

enables the conditional likelihood approach developed in the next section.

Finally, the conditional distribution Fyij (y | xij ,νi,ωj) can be written as:

Fyij (y | xij ,νi,ωj) = E[1{yij ≤ y} | xij ,νi,ωj ]

= Pr[ỹij,y = 1 | xij ,νi,ωj ]

= Λ
(
x′
ijθy,0 + αi,y + γj,y

)
, (2)

where ỹij,y = 1{yij ≤ y} is the binary indicator that the outcome falls at or below threshold y.

The parameters θy,0 can therefore be estimated for each y ∈ Y as a sequence of binary (logistic)

regressions with two-way fixed effects.5 At each threshold, the maximum likelihood estimator is

subject to the incidental parameter problem. Moreover, identification of individual fixed effects

requires sufficient variation in the binary outcomes at each threshold, which may fail under spar-

sity. Both concerns motivate the conditional maximum likelihood approach developed in the next

section, which eliminates the fixed effects from the likelihood by conditioning, and therefore does

not require their identification or estimation.

2.2 Conditional Maximum Likelihood Estimation

The main challenge in the estimation of the sequence of binary regressions given by Equation (2)

is that, even for a single binary regression, the incidental parameter problem (Neyman and Scott

1948) arises from estimating models with two-way fixed effects by maximum likelihood. To cir-

cumvent this problem, I propose to estimate the parameters of the model θ(y) for each threshold
5Distribution regression is preferred over quantile regression (QR) in this setting because the linear-in-parameters

QRmay poorly approximate the conditional distribution when the outcome does not have a smooth conditional density.

In contrast, the DR approximates the conditional distribution pointwise at each threshold in the support of the outcome,

making it well-suited for outcomes with point masses without requiring strong assumptions on how such masses are

generated (Chernozhukov et al. 2024). Moreover, to my knowledge, no QRmethods for two-way fixed effects in dyadic

network settings are currently available.
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(for a given level y) independently, using the conditionalmaximum-likelihoodmethod for network

formation models suggested by Charbonneau (2017) (for directed networks) and concurrently by

Graham (2017) (for undirected networks). This is applicable here because each binarized thresh-

old yields a binary choice model with two-way fixed effects, identical in structure to a network

formation model. The approach extends the conditional maximum likelihood method for logistic

panel data models with a single fixed effect (Rasch 1960, Chamberlain 2010)6 to models with two-

way fixed effects in dyadic structures, avoiding any distributional assumption on the fixed effects.

Themethod relies on the existence of a set of conditions for quadruples of nodes in the observed

network such that the fixed effects drop out of the conditional likelihood under a logistic link. The

logistic specification is essential: it is the only link underwhich the conditional likelihood is entirely

free of nuisance parameters and takes a known closed form.7

From the conditional distribution Fyij and the constructed binary variables ỹij,y, it follows that

ỹij,y = 1{x′
ijθy,0 + αi,y + γj,y + εij,y ≥ 0}, (i, j) ∈ D

where εij,y ∼ i.i.d. Logistic(0, 1) across dyads for each threshold y, with εij,y ⊥ {xij , αi,y, γj,y}.

Under the logistic assumption, the conditional probability takes the explicit form:

E[1{yij ≤ y} | xij , αi,y, γj,y] = Pr[ỹij,y = 1 | xij , αi,y, γj,y]

=
exp(x′

ijθy,0 + αi,y + γj,y)

1 + exp(x′
ijθy,0 + αi,y + γj,y)

(3)

The logistic specification ensures the existence of sufficient statistics for the fixed effects, which

is formalized in the Lemma below.

Lemma 1. Under the model specification given by Equation (3), the sums across each dimension of the

pseudo panel,
∑n

j=1 ỹij,y and
∑n

i=1 ỹij,y, are sufficient statistics for αi,y and γj,y.

Proof. See Appendix A.

This result is well-known for the standard panel case with one fixed effect, and Graham (2017)

establishes sufficiency of the degree sequence for undirected networks with a single set of node

effects. Lemma 1 extends it to directed networks with two-way fixed effects, where both the row

and column sums serve as sufficient statistics.
6Also refer to Arellano and Honoré (2001) for a survey.
7In standard panel settings, Chamberlain (2010) shows that for T = 2, parametric-rate estimation is only possible

under logistic errors. For T ≥ 3, Davezies et al. (2023) show that identification beyond logistic is possible through

conditional moment restrictions estimated by GMM, though these do not yield a closed-form conditional likelihood.
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Even though one could construct a conditional maximum likelihood estimator based on the

sufficient statistics, the maximization is intractable. Charbonneau (2017) provides a tractable al-

ternative by showing that it is possible to eliminate the two-way fixed effects by conditioning the

above probability on the set of events {ỹij,y+ ỹik,y = 1, ỹlj,y+ ỹlk,y = 1, ỹij,y+ ỹlk,y = 1} for different

indices of senders and receivers {i, l; j, k} (quadruples of nodes), such that:

Pr[ỹij,y = 1 | xij , αi,y, γj,y, ỹij,y + ỹik,y = 1, ỹlj,y + ỹlk,y = 1, ỹij,y + ỹlk,y = 1]

=
exp(((xij − xik)− (xlj − xlk))

′θy,0)

1 + exp(((xij − xik)− (xlj − xlk))′θy,0)
, (4)

which no longer depends on the fixed effects. This result follows from applying the classical con-

ditional logit argument for static panel data models with a single fixed effect (Rasch 1960) sequen-

tially, first to eliminate the sender fixed effects, then the receiver fixed effects.

Summing over all quadruples that satisfy the conditioning events, the CMLE maximizes:

n∑
i=1

n∑
j=1,j ̸=i

∑
l,k∈Zij,y

log
(

exp(((xij − xik)− (xlj − xlk))
′θy)

1 + exp(((xij − xik)− (xlj − xlk))′θy)

)
, (5)

where Zij,y is the set of nodes k and l satisfying the conditioning events for pair (i, j). In practice,

this reduces to a standard logit estimation on pairwise-differenced outcomes and covariates, as

described in the next section.

i j

k l

sender receiver

receiver sender

(a) zσ = 1

i j

k l

sender receiver

receiver sender

(b) zσ = −1

Figure 1: Informative quadruple configurations with {i,l} as senders and {j,k} as receivers. Blue solid arrows: links

present (ỹ = 1). Red dashed arrows: links absent (ỹ = 0). The two senders connect to opposite receivers, yielding

zσ ∈ {−1, 1}. Values: (a) ỹij,y = 1, ỹik,y = 0, ỹlj,y = 0, ỹlk,y = 1; (b) ỹij,y = 0, ỹik,y = 1, ỹlj,y = 1, ỹlk,y = 0.

As in the static panel logit considered in Rasch (1960) and Chamberlain (2010), only quadru-

ples whose outcomes exhibit variation (the analogues of movers in the panel data literature) con-

tribute to the likelihood: a quadruple {i, l; j, k} is informative only if each node’s outcomes vary

across its two potential links. To illustrate this argument, Figure 1 shows the two informative con-

figurations for a fixed sender-receiver assignment {i, l; j, k} (i and l are fixed to be senders; and j
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i j

k l

sender receiver

receiver sender

(a) All absent (zσ = 0)

i j

k l

sender receiver

receiver sender

(b) All present (zσ = 0)

i j

k l

sender receiver

receiver sender

(c) Same direction (zσ = 0)

Figure 2: Examples of non-informative quadruple configurations with {i,l} as senders and {j,k} as receivers. In (a), all

links are absent; in (b), all links are present; in (c), both senders connect to the same receiver. In all three cases zσ = 0,

so the quadruple provides no information for estimation.

and k are fixed to be receivers). Note that there is variation in the outcomes for each node, i.e., each

node has exactly one link present and one absent, yielding zσ ∈ {−1, 1}. In a directed network, the

sender-receiver roles can also be reversed; Figure 8 in Appendix B shows all twelve informative

configurations across all possible assignments. Figure 2 illustrates three non-informative configu-

rations, maintaining the same sender-receiver assignment. In Subfigure (a), all links are absent; in

Subfigure (b), all links are present; in both cases, no node’s outcomes vary. In Subfigure (c), both

senders connect to the same receiver, so that while each sender’s outcomes vary, the receivers’ do

not, and the pairwise difference yields zσ = 0. None of these quadruples contribute to the likeli-

hood. For further intuition on the identification of the common parameters, I refer to Appendix B.

Remark 1 (Conditioning across thresholds). If the fixed effectswere constant across different levels

of the outcome y (thresholds), one could also condition on events combining information across

thresholds, such as ỹij,y1+ỹij,y2 = 1. However, this approach is not pursued in this paper. Allowing

the fixed effects to vary flexibly across thresholds, as done in the current framework, provides a

more general specification that avoids possible misspecification.

A property of the model central to the asymptotic theory of this estimator is that the binary

indicators are conditionally independent across dyads:

Pr(ỹij,y, ỹkl,y | {xij}n,n, {αi,y, γj,y}n) = Pr(ỹij,y | xij , αi,y, γj,y) · Pr(ỹkl,y | xkl, αk,y, γl,y)

for all (i, j) ̸= (k, l), where {xij}n,n denotes the entire set of covariates, and {αi,y, γj,y}n denotes the

full set of fixed effects. The conditional independence follows from the errors εij,y being indepen-

dent across dyads for each threshold y, even when dyads share a node (with εij,y and εji,y treated
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as distinct and independent).8 The model thus belongs to the class of conditionally independent

dyad (CID) models (Fafchamps and Gubert 2007, Graham 2020).

While the conditional independence holds across dyads within each threshold, the model al-

lows for correlation of εij,y and εij,y′ across thresholds y ̸= y′ for the same dyad, since estimation is

performed separately at each threshold. This cross-threshold dependence becomes relevant when

deriving the joint distribution in Section 4.

3 Pointwise Asymptotics

The pointwise asymptotic properties of the estimator θn,y for a single threshold value y of the

conditional distribution follow from results in Jochmans (2018) for the estimator of Charbonneau

(2017). The proofs inAppendixC adapt the same broad structure, withmodifications that facilitate

the extension to the joint asymptotic distribution across thresholds in Section 4. Subsection 3.1

discusses their implications for the estimable range of thresholds in the distribution regression

setting.

Throughout this section, the sequence of individual effects {αi,y, γj,y}n are treated as fixed,

since the analysis conditions on them. The asymptotic framework considers n → ∞, so that both

dimensions of the network grow at the same rate. For an ordered quadruple of distinct nodes

{i, l; j, k} from N , define:

zy(σ{i, l; j, k}) =
(ỹij,y − ỹik,y)− (ỹlj,y − ỹlk,y)

2

r(σ{i, l; j, k}) = (xij − xik)− (xlj − xlk),

where σ(·) maps an ordered quadruple to the index set Nmn = {1, 2, . . . ,mn}, with mn denoting

the number of distinct ordered quadruples fromN , i.e,mn = n(n− 1)(n− 2)(n− 3).9 Hereafter, I
8One drawback is that, in a network formation model context, transitivity across the probabilities is not taken into

account by this model. It rules out interdependent link preferences, where individuals’ preferences over a link may

vary with the presence or absence of links elsewhere in the network. However, Dzemski (2019) shows that this dyadic

structure can still reproduce the transitivity patterns observed in some datasets.
9Jochmans (2018) exploits the permutation invariance of the score contributions in senders (i, l) and receivers (j, k),

thus, considering combinations of senders and receivers and defining mn = n(n − 1)(n − 2)(n − 3)/4. I depart from

this and consider ordered quadruples of nodes throughout. Since the score contributions are invariant under these

permutations, the two formulations yield identical estimators. This choice is made for consistency with the projections

of the scores defined later in this Section and with the proofs, which, in this paper, follow the ordered structure of

indices.
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use the shortcut notation zσ,y and rσ.

The transformed variable zσ,y takes values in {−1,−1/2, 0, 1/2, 1}, with zσ,y ∈ {−1, 1} corre-

sponding to the conditioning set {ỹij,y+ỹik,y = 1, ỹlj,y+ỹlk,y = 1, ỹij,y+ỹlk,y = 1} from Section 2.2.

Collecting x = (xij ,xik,xlj ,xlk), the conditioning argument from the previous section yields:

Lemma 2. (Sufficiency)

Pr[zσ,y = 1 | x, zσ,y ∈ {−1, 1}] = exp(r′σθy,0)

1 + exp(r′σθy,0)

Proof. Follows from the conditioning argument in Subsection 2.2. In particular, it follows im-

mediately from the exponential family structure of the logistic specification in Equation (3).

Lemma 2 implies that, after conditioning, the fixed effects are eliminated from the likelihood,

circumventing the incidental parameter problem, and each informative quadruple contributes a

standard logistic term. Summing over all quadruples inNmn , for which zσ,y ∈ {−1, 1}, the estima-

tor is defined as

θn,y = argmax
θy∈Θ

Ln(θy),

where Θ is the parameter space searched over, and the conditional log-likelihood takes the form

Ln(θy) =
∑

σ∈Nmn

1{zσ,y = 1}logΛ(r′σθy) + 1{zσ,y = −1}log(1− Λ(r′σθy)).

The number of quadruples with zσ,y ∈ {−1, 1} is denoted bym∗
n,y =

∑
σ∈Nmn

1{zσ,y ∈ {−1, 1}}.

The following standard assumptions are needed to establish consistency of the estimator:

Assumption 3.1. (Sampling) The n nodes in N are sampled independently.

Assumption 3.2. (Parameter space) θy,0 is interior to Θ, a compact subset of Rdim(θy).

Assumption 3.3. (Moments) For all (i, j) ∈ D, E(||xij ||2) < C1, where C1 is a finite constant.

Define the expected fraction of quadruples that contribute to the log-likelihood at each thresh-

old as:

pn,y =
E(m∗

n,y)

mn
=

∑
σ∈Nmn

Pr{zσ,y ∈ {−1, 1}}
mn

.

Assumption 3.4. (Identification) npn,y −→ ∞ as n −→ ∞ and the matrix

lim
n−→∞

(mnpn,y)
−1

∑
σ∈Nmn

E(−rσr
′
σf(r

′
σθy,0)1{zσ,y ∈ {−1, 1}}),

where f is the logistic density function, has maximal rank.
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Assumption 3.1 is a standard sampling scheme for network data, requiring independent sam-

pling of nodes. Importantly, it does not impose independence across dyads, since covariates for

dyads sharing a node may be correlated, which, together with the same unrestricted fixed effects

appearing across different pairs sharing a node, generates the network dependence. This accom-

modates for settings where covariates take the form xij = g(xi, xj) (Graham 2017), where g(·) is a

measurable function, but it is more general than that. Moreover, the assumption does not require

that the nodes are identically distributed.

Assumptions 3.2, 3.3 and the rank condition in Assumption 3.4 are standard for establishing

consistency in non-linear models (Newey and McFadden 1994). The matrix in Assumption 3.4 is

the limit of the normalized expected Hessian, so that the rank condition is equivalent to requiring

the limitingHessian to be negative definite. The key condition inAssumption 3.4 is thatnpn,y → ∞,

where pn,y measures the expected fraction of informative quadruples at the fixed threshold y. In

the network formation setting, for which this estimator was originally proposed, this allows pn,y
to shrink as n grows, so that the probability of link formation can approach zero or one. In the DR

context, this condition allows the probabilitiesPr(yij ≤ y) to approach zero or one, accommodating

sparsity both from the underlying network structure and from binarization at extreme thresholds.

Since pn,y is the average of Pr(zσ,y ∈ {−1, 1}) over all quadruples σ, it depends on the fixed effects

of each quadruple, so that sequences of fixed effects growing without bound are allowed as long

as pn,y does not shrink faster than n−1. The condition npn,y → ∞ thus requires that the expected

number of informative quadruples continues to grow with n, even as the fraction of informative

quadruples may vanish. The formal characterization of these two sources of sparsity and their

implications for the estimable range of thresholds are developed in Subsection 3.1.

The following theorem establishes pointwise consistency at each threshold.

Theorem 1. (Consistency) Let Assumptions 3.1-3.4 hold. Then θn,y
p→ θy,0 as n −→ ∞ for each fixed

y ∈ Y .

Proof. See Appendix C.

Conventional logit standard errors are not valid for the estimated θn,y. The score vector sums

over quadruples of nodes, and quadruples sharing commonnodes induce dependence across sum-

mands (such that each node participates inO(n3) quadruples), so the information matrix equality

does not hold, and a sandwich-type variance estimator is needed. To derive the asymptotic distri-

bution of the estimator, the moment requirements must be strengthened:
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Assumption 3.5. (Moments) For all (i, j) ∈ D, E(||xij ||6) < C2, where C2 is a finite constant.

Each summand of the score vector takes the form

sy(σ,θy) = rσ{1{zσ,y = 1}(1− Λ(r′σθy))− 1{zσ,y = −1}Λ(r′σθy)},

and the score vector is

Sn,y(θy) =

n∑
i

∑
j ̸=i

∑
l ̸=i,j

∑
k ̸=i,j,l

sy(σ{i, l; j, k};θy).

The asymptotic distribution of the estimator is characterized by the result that

Υn,y(θy,0)
−1/2Sn,y(θy,0)

d→ N(0, I),

where Υn,y(θy) is defined as follows

Υn,y(θy) =
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×
[
sy(σ{i, i′; j, j′};θy)sy(σ{i, i′′; j, j′′};θy)′

]
.

(6)

Its expectation at θy,0 gives the leading term of the variance of the score vector, comprising the

O(n6) terms corresponding to pairs of quadruples that share exactly one dyad.10 Theorem 2 also

requires that the dyad-clustered score outer-product matrix be nondegenerate at the scale of its

leading term, ruling out first-order degeneracy of the score in any parameter direction.

Assumption 3.6. (Score-covariance nondegeneracy) For each fixed y ∈ Y , there exists a constant cy > 0

such that

Pr
{
λmin

[
(n6pn,y)

−1Υn,y(θy,0)
]
≥ cy

}
−→ 1.

An analogous condition is required for the corresponding result in Jochmans (2018), andMuris

et al. (2025) impose an analogous eigenvalue condition on their dyad-clustered score outer-product

matrix. Defining the Hessian

Hn,y(θy) = −
∑

σ∈Nmn

rσr
′
σf(r

′
σθy)1{zσ,y ∈ {−1, 1}}

and the sandwich variance estimator

Ωn,y(θn,y) = Hn,y(θn,y)
−1Υn,y(θn,y)Hn,y(θn,y)

−1,

10The factor 16 arises from fixing the shared dyad (i, j) to be the first sender-receiver pair in both quadruples: there

are four positions in each quadruple where (i, j) can appear, giving 4×4 = 16 ordered pairs that share (i, j) in the same

position. Jochmans (2018, Supplement, p. 28) obtains the same result by multiplying each score contribution by 4.
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the following result holds, which establishes that pointwise (for each threshold y), the estimator

converges to the true parameter value, and the sandwich estimator for the asymptotic variance

delivers valid inference.

Theorem 2. (Asymptotic distribution) Let Assumptions 3.1-3.6 hold. Then

||θn,y − θy,0|| = Op(1/
√
n(n− 1)pn,y)

and

Ωn,y(θn,y)
−1/2(θn,y − θy,0)

d→ N(0, I)

as n −→ ∞, for each fixed y ∈ Y .

Proof. See Appendix C.

The proof follows a four-step structure, with steps akin to those used when establishing the

limit distribution of a U-statistic (Graham 2017): (i) a projection of the score vector is proposed11

and its asymptotic equivalence to the score evaluated at the true parameter θy,0 is established; (ii)

the limit distribution of the projection is derived via a conditional CLT; (iii) the uniform conver-

gence of the Hessian is established; and (iv) the results are combined via a mean-value expansion.

The main departure from Jochmans (2018) is in step (i): while their approach explicitly com-

putes the projection of the scores, I leverage the conditional independence structure, following

Graham (2017), to show that the scores and projections are asymptotically equivalent. This ap-

proach extends naturally to the cross-threshold setting of Section 4, avoiding the need to compute

explicit cross-threshold joint probabilities. Moreover, I derive that the score variance is O(n6pn,y),

which determines the convergence rate of the estimator and is used to establish the joint distribu-

tion across thresholds.

Remark 2 (Computation). Evaluating the objective function, score, and Hessian requires sum-

mation over all informative quadruples, which can be computationally costly for large networks.

Appendix 2.A of Roelsgaard (2025) describes implementation strategies for a related conditional

likelihood estimator, more specifically, a two-way duration model. The proposed implementation

includes storing the covariates in contiguous memory, pre-computing the covariate differences

and storing only the relevant ones (only the ones referring to informative quadruples) in a vector,
11The proposed projection resembles a Hájek projection, but it is not formally one, since the kernel of this projection

is not symmetric, and we do not only condition on observable and unobservable attributes of a specific dyad (i, j), but

also on node attributes.
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speeding up access, and reusing intermediate calculations within each Newton step, all of which

apply directly to the present setting. Moreover, since estimation at each threshold is performed

independently, theK threshold-level optimizations can be run in parallel.

3.1 Sparsity Conditions and Estimable Threshold Range

The identification condition npn,y → ∞ accommodates sparsity from two distinct sources. This

subsection characterizes these sources formally, translates the conditions of Jochmans (2018) to

the DR setting, and proposes a parameterization of fixed effects across thresholds that captures

the variation in sparsity across the distribution.

(a) Density, mild first-degree sparsity (b) Density, strong first-degree sparsity

(c) CDF, mild first-degree sparsity (d) CDF, strong first-degree sparsity

Figure 3: Two types of sparsity in distribution regression, for an outcome bounded below at zero, under mild (left) and

strong (right) concentration at the bound. The mass point at zero is the source of first-degree sparsity. Second-degree

sparsity, shown by the shading intensity in the density panels and the band at F (y) ≈ 1 in the CDF panels, arises where

the binary indicators ỹij,y vary little across dyads. The mild and strong columns show how a larger mass point places

F (y) near one over a wider range of thresholds.
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Two Types of Sparsity in Distribution Regression. The distribution regression framework for

network data involves two distinct but related notions of sparsity, illustrated in Figure 3.

First-degree sparsity arises when the outcome variable is bounded and a positive fraction of ob-

servations sit at the bound, creating amass point at the boundary of the support. Estimation begins

at the bound, the lowest threshold at which the binary indicators ỹij,y = 1{yij ≤ y} vary across

dyads. When the mass point is large, as in firm-level trade networks, patent citation networks, or

venture capital flows, where 90–99% of dyads take the boundary value, this first threshold already

places most indicators at one, so the bound itself lies in a sparse regime and the estimable range is

compressed to a narrow interval.

Second-degree sparsity refers to the proportion of zeros or ones in the binary indicators at each

threshold, whichdetermineswhether sufficient variation exists for identification. It arises at thresh-

olds in either tail of the conditional distribution, asPr(yij ≤ y) approaches zero or one, including in

outcomes with unbounded support, which exhibit no first-degree sparsity.12 The two are related:

when first-degree sparsity is extreme, it places Pr(yij ≤ y) near one across most thresholds, induc-

ing second-degree sparsity at nearly all thresholds. Whether sparsity arises from a mass point or

from the tails of the conditional distribution, bias correction methods require Pr(yij ≤ y) bounded

away from zero and one, a condition violated under both regimes. The approach in this paper

accommodates both through Assumption 3.4: pn,y → 0 is allowed provided npn,y → ∞.

Identification condition and the estimable quantile range. The identification condition npn,y → ∞

can be translated into restrictions on (i) the average probability of falling below threshold y, qn,y =∑n
i=1

∑
j ̸=i Pr{yij ≤ y}/n(n − 1), providing a direct characterization of the estimable threshold

range; and (ii) on the growth rate of the fixed effects. Following the argument in Jochmans (2018),

the exponential tails of the logistic distribution imply qn,y ∼ √
pn,y in the left tail and 1−qn,y ∼ √

pn,y

in the right tail. Combined with the condition npn,y → ∞, this yields rate restrictions on the

estimable thresholds:

√
n qn,y → ∞ in the left tail,

√
n (1− qn,y) → ∞ in the right tail.

Accessing very extreme quantiles therefore requires correspondingly larger samples, regardless of

the distribution of node heterogeneity. Appendix D.1 gives the full derivation.
12Analogously, sparsity can be induced through few links or few non-links in a network formation setting.
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Fixed effect parameterization across thresholds. To understand the growth rates of fixed effects

that satisfy Assumption 3.4 and their connection to sparsity across thresholds, I adopt the param-

eterization

αi,y = an,i · gy(n), γj,y = bn,j · gy(n),

where an,i, bn,j ∈ [0, 1] are bounded sequences in n capturing node-level heterogeneity, and gy(n) is

a real-valued sequence that scales all fixed effects proportionately, governing how sparsity varies

with the threshold y. Specifically, gy(n) < 0 at low thresholds (sparsity through many zeros),

gy(n) ≈ 0 at intermediate thresholds (dense network), and gy(n) > 0 at high thresholds (sparsity

through many ones). The larger |gy(n)|, the more the binary indicators concentrate near zero or

one. This parameterization describes the fixed effects at each threshold, not a data generating

process for the outcome yij itself. When the outcome is bounded below, for instance, at zero, the

parameterization is defined only for thresholds from the bound onward, where sparsity varies

across thresholds as governed by gy(n).

The sequences an,i and bn,j capture each node’s sensitivity to the changes in sparsity generated

by gy(n): nodes with high values have fixed effects that change substantially across thresholds,

causing sharp transitions from mostly zeros to mostly ones; nodes with low values have more

stable fixed effects, maintaining more stable probabilities across thresholds. This parameterization

extends the framework of Jochmans (2018) by allowing gy(n) to vary across thresholds, capturing

how sparsity changes across the distribution. This cross-threshold structure underlies the joint

asymptotic analysis of Section 4 and the specific parameterizations explored in the Supplemental

Appendix S.A.1.

The choice of an,i and bn,j also affects how far into the sparse region estimation remains feasible.

The largest admissible |gy(n)| depends on the heterogeneity pattern, and so, through the induced

link probability, does the set of estimable thresholds. Holding the mean of an,i and bn,j fixed, more

dispersed sequences admit larger |gy(n)|. The identification condition admits, however, a single

characterization in terms of the link probability that holds whatever the heterogeneity pattern: a

threshold is estimable when
√
n qn,y → ∞ in the left tail and

√
n (1 − qn,y) → ∞ in the right tail.

The heterogeneity pattern enters this criterion only through the value of qn,y it induces at each

threshold; the criterion itself is unchanged. Appendix D.2 develops this distinction.

19



4 Joint Inference Across Thresholds

This section extends the pointwise results of Section 3 to the joint distribution of the estimators

across multiple thresholds, enabling simultaneous confidence bands and formal tests of coeffi-

cient equality. Subsection 4.1 establishes the joint asymptotic distribution. Subsections 4.2 and 4.3

develop the inference tools.

4.1 Joint Asymptotic Distribution Across Thresholds

Since the estimators at different thresholds are computed from the same underlying outcome vari-

able yij , they are not independent: informative quadruples at different thresholds are correlated

since they potentially share the same dyadic outcomes, and the sequences of fixed effects and id-

iosyncratic errors are allowed to be correlated across thresholds. Moreover, the convergence rates

differ across thresholds through the threshold-specific parameters pn,yk , reflecting the expected

fraction of informative quadruples at each threshold and the different degrees of sparsity at dif-

ferent thresholds. The joint distribution established below accounts for both the cross-threshold

dependence and the different convergence rates.

Let y = (y1, ..., yK)′ denote the vector of K ordered thresholds with y1 < y2 < ... < yK , and

each yk ∈ Y . For each threshold yk, the parameter vector θyk ∈ Rp represents the p-dimensional

coefficient vector at that threshold. Define the stacked parameter vector θy = (θ′
y1 , ...,θ

′
yK

)′ ∈ RKp.

Stacking the threshold-specific scores gives

Sn,y(θy,0) =
(
Sn,1(θy1,0)

′, ...,Sn,K(θyK,0)
′)′.

Define the (Kp) × (Kp) dyad-clustered outer-product matrix Υn,y(θy) with blocks [Υn,y]kl =

Υn,kl (θyk ,θyl), where

Υn,kl(θyk ,θyl) =

n∑
i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×
[
sk
(
σ
{
i, i′; j, j′

}
;θyk

)
sl
(
σ
{
i, i′′; j, j′′

}
;θyl

)′]
whose expectation at θy,0 gives the leading term of the score covariance for thresholds yk and yl.

The diagonal blocks coincide with the pointwise matrices Υn,yk(θyk), and the off-diagonal blocks

capture the cross-threshold dependence.

The joint limit distribution is driven by that of the stacked score vector, and the first two steps of

Theorem 2 carry over. In step (i), the stacked projections are shown to be asymptotically equivalent
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to the stacked scores by comparing their leading covariance terms, which is where the conditional

independence structure replaces the explicit cross-threshold joint probabilities of the binary indi-

cators, as anticipated in Section 3. In step (ii), conditioning on the joint information set containing

the covariates and all threshold-specific fixed effects preserves cross-dyad independence, and a

conditional central limit theorem applied to the projections delivers joint asymptotic normality of

Sn,y(θn,y,0) after normalization by its own covariance.

Normalizing by the covariance itself absorbs the threshold-specific rates automatically, but it

requires that the covariance stays invertible as n grows, and this cannot be stated without a ref-

erence scale: Υn,y grows without bound, at rates that differ across blocks. Define the score-rate

matrix

Dn,y := diag
(
(n6pn,y1)

1/2Ip, . . . , (n
6pn,yK )

1/2Ip

)
,

so that the (k, l) block of D−1
n,yΥn,yD

−1
n,y is Υn,kl/(n

6√pn,ykpn,yl), which is Op(1) for every pair of

thresholds.

A scalar normalization must be matched to one threshold or another: chosen for the sparsest,

the densest block diverges; chosen for the densest, the sparsest block vanishes and the bound below

fails for reasons of rate alone. Dividing each block by its own scale instead leaves only the shape

of the covariance, so that the condition below is a restriction on how the score behaves across

directions and not on how the pn,yk compare across thresholds. The same blockwise scaling is

used throughout the proof, so that no condition is required on the relative convergence rates across

thresholds.

Assumption 4.1. (Joint score-covariance nondegeneracy) For every fixed finite collectiony = (y1, . . . , yK)′

of distinct thresholds, there exists a constant cy > 0 such that

Pr
{
λmin

[
D−1

n,yΥn,y(θy,0)D
−1
n,y

]
≥ cy

}
−→ 1.

Assumption 4.1 requires that no nonzero linear combination of the threshold-specific scores be-

come asymptotically degenerate after this normalization. ForK = 1 it reduces to Assumption 3.6.

Assumption 4.1 fails, for instance, when two thresholds are close enough that the corresponding

binary indicators nearly coincide, which suggests that the intervals between selected thresholds

should contain a non-negligible fraction of observations.

TheKp×Kp jointHessian inverseH−1
n,y (θy) = diag

(
Hn,1 (θy1)

−1 , . . . ,Hn,K (θyK )
−1
)
is block-

diagonal since each threshold is estimated separately. The sandwich variance estimator is

Ωn,y (θn,y) = H−1
n,y (θn,y)Υn,y (θn,y)H

−1
n,y (θn,y) ,
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where each block is given by [Ωn,y (θn,y)]kl = Hn,k (θn,yk)
−1Υn,kl (θn,yk ,θn,yl)Hn,l (θn,yl)

−1.

For any θ, define

σn,y(θ) := diag

(√
[Ωn,y(θ)]11, . . . ,

√
[Ωn,y(θ)]Kp,Kp

)
,

Pn,y(θ) := σn,y(θ)
−1Ωn,y(θ)σn,y(θ)

−1,

and

Tn,y := σn,y(θn,y)
−1(θn,y − θy,0).

ThusPn,y(θn,y) is the feasible plug-in version of the sample correlationmatrix. Under Assumption

4.1, the diagonal entries ofσn,y(θn,y) are positive andPn,y(θn,y) is nondegenerate with probability

approaching one (see Appendix E).

For probability measures µ, ν on RKp, let

dBL(µ, ν) := sup
f

∣∣∣∣∫ f dµ−
∫

f dν

∣∣∣∣ ,
where the supremum is over all f : RKp → R with ∥f∥∞ ≤ 1 and |f(u) − f(v)| ≤ ∥u − v∥ for

all u,v. This is the bounded–Lipschitz distance, which metrizes weak convergence and remains

meaningful when the approximating law varies with n. WriteFn,y for the covariates together with

the fixed effects at allK thresholds, and L(X | Fn,y) for the conditional law ofX given these.

Theorem 3. (Joint asymptotic distribution) Let Assumptions 3.1–3.6 and 4.1 hold, and fix a finite collection

y = (y1, . . . , yK)′ of distinct thresholds in Y . Then, as n → ∞:

(i) The coordinatewise studentized vector Tn,y satisfies

dBL(L(Tn,y | Fn,y) , N(0,Pn,y(θn,y)))
p−→ 0.

(ii) For every fixed nonzero a ∈ RKp,

a′(θn,y − θy,0)√
a′Ωn,y(θn,y)a

d−→ N(0, 1).

(iii) For every fixed q ×Kp matrixR of full row rank,

[
R(θn,y − θy,0)

]′[
RΩn,y(θn,y)R

′]−1

×
[
R(θn,y − θy,0)

] d−→ χ2
q .
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Proof. See Appendix E.

The block structure of the sandwich covariance is what accommodates the different rates: the

Hessian blocks satisfyHn,k(θn,yk) = Op(n
4pn,yk) and the score covariance blocksΥn,kl(θn,yk ,θn,yl) =

Op(n
6√pn,ykpn,yl), so that

[Ωn,y(θn,y)]kl = Op

(
1

n2√pn,yk pn,yl

)
.

The diagonal blocks recover the threshold-specific rates (n(n − 1)pn,yk)
−1/2 of Theorem 2, and

the off-diagonal blocks scale with the geometric mean of the two informativeness parameters, so

that the implied cross-threshold correlations are unaffected by the relative magnitudes of pn,yk
and pn,yl . Dividing each coefficient by its own standard error, as in Tn,y, normalizes these rates

away. What it does not remove is the dependence across thresholds, which stays in the correlation

matrix Pn,y(θn,y), and no limit is imposed on that matrix. Doing so would be a condition on

the joint informativeness structure across thresholds, which determines the off-diagonal blocks of

Pn,y(θn,y) and concerns which quadruples are informative at two thresholds at once: a restriction

on the joint design rather than on each threshold separately.

Part (i) of Theorem 3 is therefore stated as a Gaussian approximation, with a correlation ma-

trix that varies with n, rather than as convergence to a fixed law. Normalizing the whole vector

instead would give a fixed limit without any such restriction, but it would replace the individual

coefficients by linear combinations of them across thresholds, which is not the form the bands of

Section 4.2 require; parts (ii) and (iii) take that route, and their limits are correspondingly fixed.

4.2 Sup-t Joint Confidence Bands

Simultaneous confidence bands across thresholds can be constructed via the sup-tmethod (Mon-

tiel Olea and Plagborg-Møller 2019). Since typically the question of interest is on inference on each

separate covariate (whether the effect of covariate d varies across the distribution of the outcome),

the bands are constructed per covariate.13 LetΩn,d(θn,y) denote theK×K submatrix ofΩn,y(θn,y)

corresponding to the d-th coefficient across all K thresholds, and let σn,yk,d =
√
[Ωn,d]kk, so that

the σn,yk,d are the corresponding diagonal entries of σn,y(θn,y) and the correlation matrix implied

by Ωn,d is the corresponding submatrix of Pn,y(θn,y), denoted by Pn,d(θn,y).
13Joint bands across all covariates and thresholds can be constructed analogously by replacingΩn,d withΩn,y(θn,y)

in Algorithm 1; the sup-t critical value adjusts automatically to the dimension of the chosen index set.
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The sup-t confidence band is the set

Cn,d =

{
θd ∈ RK : max

k=1,...,K

|θn,yk,d − θyk,d|
σn,yk,d

≤ cn,d,1−α

}
where cn,d,1−α is the empirical (1−α)quantile ofmaxk=1,...,K |Zn,yk,d|/σn,yk,dwithZn,d ∼ N(0,Ωn,d).

This is equivalent to the Cartesian product of intervals Cn,yk,d = [θn,yk,d ± cn,d,1−ασn,yk,d]. Unlike

pointwise confidence intervals, which cover each θyk,d individually at level (1 − α), the joint con-

fidence bands cover the entire parameter vector θd simultaneously at level (1 − α). This allows

for valid confidence statements that compare across thresholds, accounting for the cross-threshold

dependence.

The critical value cn,d,1−α generally exceeds the pointwise critical value z1−α/2. However, as

shown in Montiel Olea and Plagborg-Møller (2019), the sup-t band achieves the smallest critical

value among the one-parameter class of simultaneous confidence bands with coverage at least

(1 − α), which includes Bonferroni and Wald projection bands as special cases. The gains are

particularly sizeable when estimates are highly correlated, as is the case for nearby thresholds in

the DR setting, and the sup-t critical value increases slowly with the number of thresholds K.

Moreover, unlike confidence ellipsoids, the rectangular structure of the bands is easily visualized

and permits visual hypothesis testing, regardless of the dimension of the parameter vector.

The critical value cn,d,1−α is obtained by simulation, as described in Algorithm 1. The sup-t

Algorithm 1: sup-t Confidence Bands for Covariate d
Input: Estimates θn,yk,d for k = 1, . . . ,K; covariance matrixΩn,d(θn,y); significance level α; number of draws

B

Output: Simultaneous confidence band
for b = 1, . . . , B do

Draw Z
(b)
n,d ∼ N(0,Ωn,d);

Compute T (b)
n,d = maxk=1,...,K |Z(b)

n,yk,d
|/σn,yk,d;

end
Set cn,d,1−α = (1− α) empirical quantile of {T (1)

n,d, . . . , T
(B)
n,d };

for k = 1, . . . ,K do
Cn,yk,d = [θn,yk,d − cn,d,1−ασn,yk,d, θn,yk,d + cn,d,1−ασn,yk,d];

end

band requires (i) a joint Gaussian approximation for the coordinatewise studentized estimates,

with (ii) the correlation structure of the approximating law consistently estimated in the relative

sense that its difference from the correlation matrix conditional on the covariates and fixed effects

at all thresholds vanishes, and (iii) strictly positive marginal variances. Theorem 3(i) delivers the

first two directly, since the approximating law is built from Pn,y(θn,y), which the proof shows to
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satisfy this, and the third holds because the feasible covariance matrix is positive definite with

probability approaching one under Assumption 4.1; see Appendix E. Algorithm 1 is a direct appli-

cation of Algorithm 1 in Montiel Olea and Plagborg-Møller (2019). The draws enter only through

the standardized maxima maxk |Z
(b)
n,yk,d

|/σn,yk,d, and since the σn,yk,d are the square roots of the

diagonal entries of Ωn,d, drawing from Ωn,d and dividing by σn,yk,d is equivalent to drawing from

the implied correlation matrix Pn,d(θn,y) directly; the former is retained to match Algorithm 1 of

Montiel Olea and Plagborg-Møller (2019).

Because the draws are standardized, each coordinate has unit variance and the different con-

vergence rates across thresholds are absorbed without restricting how they compare. The stan-

dardization also makes the anti-concentration bound for the maximum of Gaussian coordinates

(Chernozhukov et al. 2015) hold with a constant that does not depend on the correlation matrix,

which is what converts the bounded–Lipschitz approximation of Theorem 3(i) into a statement

about the probability of the rectangle defining Cn,d. This step is not needed in Montiel Olea and

Plagborg-Møller (2019), where the correlation matrix has a fixed limit; here it is what allows the

correlation matrix to vary with n. The resulting coverage statement holds conditionally and hence

unconditionally, since coverage probabilities are bounded.

4.3 Joint Testing

While simultaneous confidence bands provide visual evidence on whether coefficients vary across

thresholds, formal tests of the null hypothesis of coefficient equality are of interest. For a given

covariate d, the null hypothesis is

H0,d : θy1,d = θy2,d = · · · = θyK ,d,

which can be expressed asRθd = 0, whereR is any (K − 1)×K matrix of full row rank satisfying

R1K = 0. The choice of R does not affect the null hypothesis, but determines the parameter-

ization of the deviations from equality. Common choices include adjacent differences (Rθd =

(θy2,d − θy1,d, . . . , θyK ,d − θyK−1,d)
′) and differences from a reference threshold (Rθd = (θy2,d −

θy1,d, . . . , θyK ,d − θy1,d)
′). I focus on two possible tests: the standard Wald test and a sup-t test ob-

tained by band inversion. TheWald test is invariant to the choice ofR, while the sup-t test depends

on the specific contrasts used, which may affect power but not validity.

The sup-t equality test is obtained by inverting a sup-t confidence band for the contrast vector

Rθd (Montiel Olea and Plagborg-Møller 2019). Let R select the dth coefficient across thresholds
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and form the contrasts. The argument of Theorem 3(iii), applied to this R, gives a joint Gaussian

approximation for R(θn,d − θd,0) with covariance RΩn,d(θn,y)R
′. Studentizing each contrast by

its own standard error (the square root of the corresponding diagonal entry of that matrix), then

puts the vector on the scale used by the sup-t construction, with correlation structure implied by

the same matrix. Under H0,d the centering vanishes, since Rθd,0 = 0, so the same approximation

applies to Rθn,d itself, and the test statistic is

T
eq
n,d = max

k=1,...,K−1

|(Rθn,d)k|
σn,δ,k

where σn,δ,k =
√
[RΩn,dR′]kk, and H0,d is rejected if T eq

n,d > c
eq
n,d,1−α. The critical value c

eq
n,d,1−α is

computed as in Algorithm 1, replacingΩn,d withRΩn,dR
′. Since the contrast vector is studentized

by the diagonal ofRΩn,d(θn,y)R
′, its approximating law again has unit diagonal, and the argument

of Section 4.2 applies unchanged.

As a complement, the standard Wald test for H0,d is valid by Theorem 3(iii), with R there re-

placed by the (K − 1)×Kpmatrix mapping θy to theK − 1 contrasts of the dth coefficient across

thresholds. The test does not depend on which contrast matrix is used, since any two full-rank

matrices with the same null space differ by a nonsingular transformation, which cancels in the

quadratic form. The Wald test rejects when (Rθn,d)
′(RΩn,dR

′)−1(Rθn,d), which under H0,d coin-

cides with the centered quadratic form of Theorem 3(iii), exceeds the (1−α)-quantile of the χ2
(K−1)

distribution. The two tests have complementary power properties: the sup-t test has higher power

against sparse alternatives (when a small number of thresholds have different coefficients), while

the Wald test has higher power against diffuse alternatives (where all coefficients differ slightly

across thresholds). In particular, neither test uniformly dominates the other in terms of local power

(Montiel Olea and Plagborg-Møller 2019). However, the sup-t framework allows immediate iden-

tification of which thresholds drive the rejection, either through the simultaneous bands for θd or

through bands for the contrasts Rθd, whereas the Wald test provides only a joint rejection deci-

sion.14

Remark 3 (Extension to a continuum of thresholds). The asymptotic results in this paper are es-

tablished for finitely many thresholds. The main payoff of extending them to a continuum y ∈ Y

would be to obtain uniform confidence bands for counterfactual distributions, and by inversion, for
14The joint distribution established in Theorem 3 also permits testing more refined hypotheses, such as the equality

of adjacent coefficients (Hk : θyk,d = θyk+1,d) or monotonicity restrictions (θy1,d ≤ · · · ≤ θyK ,d). I focus on the global

test and joint confidence bands, which suffice to characterize heterogeneity across the distribution.
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quantile functions and effects (Chernozhukov et al. 2013b, 2024). In the sparse network setting,

where consistent estimation of the fixed effects is not possible, the construction of these objects

is unavailable. Additionally, average effects that aggregate over the fixed effects are at best set-

identified under sparsity. What remains possible is inference on the structural parameter process

y 7→ θ0(y) as a functional object, but the sup-t test developed in Section 4 already provides simul-

taneous inference across multiple thresholds, which suffices for the question of whether covariate

effects vary across the distribution. Moreover, existing uniform results for dyadic and network

data do not directly apply to the setting in this paper.15 Developing this extension is left for future

research.

5 Monte Carlo Simulations

This section presents Monte Carlo simulation studies evaluating the finite-sample performance of

the CMLE, relative to the maximum likelihood estimator (MLE) and the analytical bias correc-

tion method (BC, Chernozhukov et al. (2024)). I consider two sets of simulations: (i) for the full

distribution regression setting calibrated to the international trade application; and (ii) for joint

inference across thresholds, including sup-t confidence bands and equality tests. Appendix ... ad-

ditionally provides a Monte Carlo simulation for a single threshold (a network formation model)

with varying degrees of sparsity, extending the DGP of Jochmans (2018) with additional node
15The empirical process theory for exchangeable arrays of Davezies et al. (2021) does not accommodate triangular

array structures with the varying rates of convergence across thresholds. The functional central limit theorem in Cher-

nozhukov et al. (2024) is developed for bias-corrected fixed effects estimators in dense networkswhere the rate of conver-

gence is uniform across thresholds, and does not apply to the conditional maximum likelihood estimator, whose asymp-

totic structure (involving projections over conditionally independent quadruples with threshold-dependent rates) dif-

fers fundamentally from theirs. Among existing approaches, the strong approximationmethods of Cattaneo et al. (2024)

for dyadic kernel density estimation share key structural features with the present setting: the dyad-level contributions

are conditionally independent given node-specific attributes (and in the case of this paper, dyad-specific attributes as

well), and the rate of convergence is not uniform across evaluation points (due to degeneracy of the Hájek projection

in their setting, and due to varying network sparsity across thresholds in the present one). Adapting their approach

to the present setting requires establishing that the linearization of the CMLE holds uniformly over the continuum of

thresholds (in particular, uniform convergence of the Hessian over Y and uniform negligibility of the higher-order re-

mainder term) which is not required in Cattaneo et al. (2024) because their estimator is a sample average that can be

directly expressed as a sum over dyads, whereas the CMLE is defined implicitly as the solution to a score equation.

One should also verify that the strong approximation error vanishes uniformly over Y when the sparsity parameter pn,y

varies continuously across thresholds.
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heterogeneity specifications and right-tail sparsity (the left-tail case is studied in their paper). The

results confirm that the CMLE maintains smaller bias than BC under extreme sparsity, consistent

with the theoretical predictions of Section 3.

5.1 Monte Carlo Simulations for the Distribution Regression

Using the bilateral trade dataset (Helpman et al. 2008, Jochmans 2018, Chernozhukov et al. 2024)

described in Section 6, which is standard in the gravity model literature, a logit model with two-

way fixed effects is estimated by MLE at each threshold yk, and the estimates are set as the true

parameters in the simulation. Following the notation of Section 2, the parameter vector at the k-

th threshold is denoted θyk . When thresholds correspond to empirical quantiles, τ denotes the

quantile level associated with threshold y, so that θy,d = θd(τ) for the d-th covariate. At each

threshold, the true DGP is

Pr(ỹij,k = 1 | xij , α
MLE
i,yk

, γMLE
j,yk

) = Λ
(
x′
ijθ

MLE
yk

+ αMLE
i,yk

+ γMLE
j,yk

)
, k = 1, . . .K, (i, j) ∈ D,

where xij are the values of the covariates for the observational unit (i, j) in the trade data set,

ỹij,k = 1(yij ≤ yk), and the thresholds y1 < · · · < yK correspond to the empirical quantile levels

τ1 < · · · < τK of the trade outcome at τk ∈ {0.545, 0.550, . . . , 0.990}. The true parameter vector

includes all coefficients and fixed effects:

βMLE
k =

(
θMLE
yk

, αMLE
1,yk

, . . . , αMLE
n,yk

, γMLE
2,yk

, . . . , γMLE
n,yk

)
.

The simulated data are generated by drawing a single vector of n(n − 1) logistic errors εij ∼

Logistic(0, 1), shared across all thresholds, so that the binary indicators at different thresholds are

generated from common shocks, as they are in real distribution regression data. The parameters

remain threshold-specific: θMLE
yk

, αMLE
i,yk

and γMLE
j,yk

are estimated separately at each threshold, so the

design imposes no restriction on how they vary across the distribution, which is what DR is in-

tended to accommodate. This cross-threshold dependence is accounted for by the joint inference

procedures in Section 4. The collection of binary variables at the different thresholds is generated

as

ỹsimij,k = 1
(
W ′

ijβ
MLE
k + εij ≥ 0

)
, k = 1, . . . ,K, (i, j) ∈ D,

where Wij includes covariates and dummy variables for the dimensions i and j (fixed effects in-

dicators).16

16This design choice differs from the Tobit-based DGP of Chernozhukov et al. (2024). In their DGP, a single latent

variable, together with a single sequence of fixed effects (estimated by Tobit on the underlying continuous outcome),
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The dataset contains information on n = 157 countries, and the covariates included are log of

distance, common legal system, contiguous border, common language, and common religion.17

Results are based on 500 simulations.

Results. The average probability Pr(ỹij,k = 1) at each threshold increases approximately lin-

early from around 0.55 at the 54.5th percentile to nearly 1.0 at the 99th percentile, recovering the

empirical quantile structure of the trade data on which the DGP is calibrated (Figure S.1 in the

Supplemental Appendix S.A).

Figure 4 plots the mean andmedian bias of BC and CMLE across quantiles for log distance and

common legal system; results for contiguous border, common language, and common religion are

reported in Figures S.2 and S.3 in the Supplemental Appendix. For most of the quantile range,

both estimators show negligible bias. In a narrow window before the more extreme quantiles,

the BC estimator shows a slightly smaller bias for most covariates. This pattern reflects the fact

that the BC uses all observations to estimate the bias correction, while the CMLE uses only the

informative quadruples, which constitute a smaller effective sample at moderate sparsity levels.

At the most extreme thresholds, in particular beyond the 98th percentile, the BC estimator shows

sharply increasing bias for most covariates, while the CMLE’s bias remains substantially smaller.

On median bias, which is robust to outlier replications, CMLE has smaller bias than BC at extreme

thresholds across all covariates. This pattern is consistent with the single-threshold simulations in

Tables S.2 and S.3 in the Supplemental Appendix S.A.1.

Figure 5 reports the RMSE (top) and rejection frequencies (bottom) across quantiles. Through

most of the quantile range, the RMSE of both estimators is nearly identical. In the narrow range

before the extremes, the CMLE’s RMSE increases somewhat more than BC’s, reflecting the higher

variance from relying on only the informative quadruples. The RMSE comparison at the extreme

quantiles depends on which effect dominates. For log distance, where BC’s bias is large, the CMLE

generates the binarized outcomes at all thresholds. Since the fixed effects do not vary with y, link probabilities become

increasingly homogeneous across nodes at extreme thresholds. The threshold-specific design adopted here allows the

fixed effects to reflect the data at each threshold separately, capturing the cross-threshold heterogeneity patterns ob-

served in the trade data.
17Three additional covariates (colonial ties, currency union, and regional free trade agreement) are available in the

dataset but excluded from the analysis because each takes the value one for fewer than 2% of country pairs (Table S.10 in

the Supplemental Appendix), resulting in insufficient variation in the pairwise-differenced covariates at many thresh-

olds.
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(a) Mean bias: Log distance (b) Mean bias: Legal system

(c) Median bias: Log distance (d) Median bias: Legal system

Figure 4: Mean bias (top) andmedian bias (bottom) of the bias-corrected estimator (BC) and the conditional maximum

likelihood estimator (CMLE) across quantiles of the trade distribution, based on 500 replications using the empirically

calibrated DGP. Thresholds correspond to empirical quantiles in [0.545, 0.990] at intervals of 0.005.

has substantially smaller RMSE. For common legal system, where BC’s bias is more moderate, the

two estimators have comparable RMSE. For some covariates for which results are in the Appendix

(notably contiguous border), the CMLE’s variance from the smaller effective sample outweighs its

bias advantage, giving BC smaller RMSE. This bias-variance trade-off is structural: the CMLE uses

only observations that identify θyk , which gives smaller bias at the cost of higher variance.

Turning to size control, for log distance, both estimators maintain adequate rejection frequen-

cies throughmost of the quantile range. At the extremequantiles, the BC rejection rate rises sharply,

reaching over 0.50 at the 99th percentile, as the bias dominates the test statistic. The CMLE remains

close to the nominal level throughout. For common legal system, both estimators fluctuate around

the nominal level, with both becoming conservative at some of the highest quantiles. Across co-

variates, BC displays over-rejection at the extremes when the bias dominates (log distance, con-

tiguous border) and under-rejection when the standard error estimate becomes inflated (common

language at the extreme). The CMLE generallymaintains better size control, though it too becomes
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(a) RMSE: Log distance (b) RMSE: Legal system

(c) Size: Log distance (d) Size: Legal system

Figure 5: RMSE (top) and rejection frequency of the two-sided t-test at the 5% nominal level (bottom) for the bias-

corrected estimator (BC) and the conditional maximum likelihood estimator (CMLE) across quantiles of the trade dis-

tribution, based on 500 replications using the empirically calibrated DGP. Thresholds correspond to empirical quantiles

in [0.545, 0.990] at intervals of 0.005.

conservative for some covariates at the most extreme quantiles.

5.2 Monte Carlo Simulations for Joint Confidence Bands and Testing

The simultaneous confidence bands and equality tests across thresholds developed in Section 4

are evaluated using the empirically calibrated DGP described in the previous Subsection, with

parameters varied across specifications to test specific null and alternative hypotheses.

The simulations vary along three dimensions: the number of thresholds K ∈ {5, 15, 50}, the

location of the thresholds in the distribution (capturing different sequences of convergence rates

of threshold-specific estimators), and the values of the parameters. For the location of the thresh-

olds, three configurations are considered: (i) equally spaced, with K thresholds spread across the

full range of available quantiles, from τ = 0.545 to τ = 0.95 (with intervals of 0.005), captur-

ing variation across different sparsity levels; (ii) first K, which considers the K lowest thresholds,
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where the network is relatively dense (Pr(ỹij,k = 1) is moderate); and (iii) lastK, which considers

the K highest thresholds, where the network is sparse (Pr(ỹij,k = 1) is very high).

The different designs for the values of the parameters are distinguished by the specification of

the structural parameter vector θyk across thresholds; in both designs, the fixed effects αi,yk , γj,yk

are as in the previous Subsection and remain threshold-specific. Under constant parameters, the pa-

rameter vector is held constant across thresholds at θyk = θMLE
y1 for all k, so that the null hypothesis

H0,d : θy1,d = · · · = θyK ,d holds and the empirical rejection rates should be close to the nominal

5% level. Under varying parameters, the coefficients are set to the empirical estimates θyk = θMLE
yk

,

which vary across thresholds, so that H0,d is false.

For each simulation and configuration, I compute the CMLE at each of the K thresholds, es-

timate the joint covariance matrix Ωn,y(θn,y), and obtain sup-t critical values from 100000 draws

from the estimatedGaussian distribution. The equality tests use deviations from the first threshold

as the contrast specification, i.e., δyk,d = θyk,d − θy1,d for k = 2, . . . ,K and all covariates d. Results

are based on 500 simulations.

Results. Table 1 reports the empirical coverage of the sup-t joint confidence bands and the empir-

ical simultaneous coverage of the pointwise confidence intervals (the fraction of simulationswhere

allK pointwise intervals simultaneously contain the true values) for the configuration considering

equally spaced thresholds, for constant and varying parameters, with the highest threshold consid-

ered at τmax = 0.95. Supplemental Appendix S.A provides the simulation results for the remaining

designs and specifications considered above and extends the threshold range to τmax = 0.99, as-

sessing whether the sup-t bands maintain correct coverage when thresholds reach into the sparse

tail where fewer informative quadruples are available.

Table 1 shows thatwhile the results for the pointwise confidence intervals showunder-coverage

that worsens withK, the sup-t bands maintain coverage at or near the 95% level. The Supplemen-

tal Appendix S.A.3 shows that this pattern holds acrossK, covariates, τmax, and DGP design, with

sup-t coverage remaining near the nominal level throughout. This pattern shows the need for

simultaneous inference when constructing coverage statements across multiple thresholds: point-

wise intervals constructed at themarginal 95% level under-coverwhen interpreted simultaneously,

while the sup-t critical value uses the joint distribution to deliver correct simultaneous coverage.

For pointwise coverage, extending to τmax = 0.99 further reduces simultaneous coverage substan-

tially.
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Table 1: Coverage Comparison: Pointwise vs Sup-t Bands (τmax = 0.95, Equally Spaced)

Distance Legal Border Language Religion

K DGP PW Sup-t PW Sup-t PW Sup-t PW Sup-t PW Sup-t

5 Varying 83.60 97.40 81.80 96.80 85.40 96.00 81.20 96.60 83.20 95.20

5 Constant 81.40 95.20 83.60 97.40 82.00 94.80 82.80 94.40 85.60 97.00

15 Varying 69.00 96.60 69.00 96.80 73.20 95.40 66.80 95.60 69.60 96.20

15 Constant 68.00 94.80 71.40 96.20 71.80 95.80 68.00 95.20 70.80 97.60

50 Varying 56.20 96.60 56.20 97.00 61.60 96.00 54.40 95.40 56.20 96.00

50 Constant 56.40 96.20 58.60 97.40 57.80 95.00 55.00 95.20 59.80 97.20

Notes: Empirical coverage rates (in %) of 95% simultaneous confidence bands. “PW” (Pointwise)

uses z0.975 = 1.96 at each threshold; “Sup-t” uses simulated critical values. Target coverage is

95%. “Constant” = coefficients identical across thresholds (H0 true); “Varying” = coefficients

follow empirical trade data pattern (H0 false). Based on 500 Monte Carlo simulations.

Table 2: Size and Power by Covariate: Sup-t vs Wald (τmax = 0.95, Equally Spaced)

Distance Legal Border Language Religion

K Sup-t Wald Sup-t Wald Sup-t Wald Sup-t Wald Sup-t Wald

Panel A: Constant Coefficients (Size, target: 5%)

5 4.60 3.80 2.80 2.60 3.60 3.00 4.20 4.20 3.60 3.80

15 3.20 3.20 3.60 1.60 4.00 5.00 3.60 3.40 3.20 3.80

50 2.80 2.60 2.80 1.60 5.80 13.80 3.60 2.20 2.40 2.40

Panel B: Varying Coefficients (Power)

5 100.00 100.00 100.00 99.80 99.40 99.00 39.80 40.00 52.80 60.40

15 100.00 100.00 100.00 100.00 98.80 97.80 58.80 53.40 77.80 91.20

50 100.00 99.60 100.00 100.00 99.00 98.20 54.40 79.00 79.20 92.40

Notes: Rejection rates (in %) for testing H0 : θd(τ1) = · · · = θd(τK) at the 5% level. Sup-t

= Sup-t test; Wald = Wald test. “Constant” = coefficients identical across thresholds (H0

true); “Varying” = coefficients follow empirical trade data pattern (H0 false). Based on

500 Monte Carlo simulations.

Table 2 reports size and power of the sup-t and Wald equality tests for the equally spaced

configuration at τmax = 0.95. Under the null, the sup-t test stays at or near the nominal 5% level

across all values ofK, with rejection rates between 2.4% and 5.8%, indicating size control without
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substantial over-rejection but some conservativeness in particular cases. TheWald test, by contrast,

shows size distortion that varies by covariate and worsens with K: for Border at K = 50, it over-

rejects at 13.8%, while for Legal it under-rejects at 1.6%. The sup-t test exhibits high power for

Distance, Legal, and Border, consistent with the large heterogeneity in the coefficients for these

covariates, shown in Figure S.6 in the Supplemental Appendix S.A.3. Language and Religion show

more moderate power, reflecting smaller heterogeneity in their coefficients across thresholds. The

Wald test shows higher power than the sup-t test for Language and Religion at largeK, but at the

cost of substantial size distortion for Border at the same K; the sup-t test provides more uniform

performance across covariates. The Supplemental Appendix S.A.3 shows that these patterns hold

at τmax = 0.99.

6 Application to gravity models of international trade

There are two important features that models for bilateral international trade should take into

account. First, the outcome of interest (the volume of bilateral trade) is bounded below at zero,

with a mass at zero: in the dataset used in this application, approximately 55% of country pairs

have zero bilateral trade in a given year. Second, consistent estimation typically requires controlling

for country-specific terms that capture unobservable barriers each country faces with all its trading

partners. Such terms are known in the international trade literature asmultilateral resistance terms

(Anderson and VanWincoop 2003), and are typically treated as two-way (exporter and importer)

fixed effects.

Several approaches to handling these features focus on the conditional mean of trade. The

Poisson pseudo-maximum likelihood (PPML) estimator (Silva and Tenreyro 2006) retains zero

observations and delivers consistent estimates of the gravity coefficients in two-way fixed effects

gravity specifications (Fernández-Val andWeidner 2016). Another approach is the Heckman-type

sample selection model of Helpman et al. (2008), which models the decision to trade and the vol-

ume of trade jointly via a two-stage procedure with a first-stage selection equation and a second-

stage equation for log positive trade.18 However, both methods estimate effects on the conditional
18Helpman et al. (2008) estimate the first-stage selection equation by standard probit, which is subject to the incidental

parameter problem in two-way fixed effects settings. Bias-corrected estimators for binary outcome models with two-

way fixed effects are available (Fernández-Val and Weidner 2016), and in the dataset used here (where approximately

45% of country pairs have positive trade), where there is no first-degree sparsity, they could be applied. In settings with

sparser first-stage outcomes, the fixed effects cannot be consistently estimated even with bias correction, making the
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mean, and neither characterizes how covariatesmight affect different parts of the trade distribution

differently.

There are theoretical reasons to expect that the effects of trade determinants are not constant

across the distribution of bilateral trade flows (Novy 2013, Bas et al. 2017, Carrère et al. 2020). Sev-

eral econometric methods have been used to study this heterogeneity. Quantile regression on log

positive trade (Baltagi and Egger 2016) documents that gravity-covariate effects vary across quan-

tiles but drops zero-trade observations entirely. More recently, Bergstrand and Clance (2025) use

censored quantile regression that retains zeros. However, they address the incidental parameter

problem from the high-dimensional fixed effects by imposing a parametric restriction on the un-

observed heterogeneity via a Chamberlain-Mundlak correlated random effects parameterization

(Abrevaya and Dahl 2008). Expectile regression provides an alternative distributional approach

(Bergstrand et al. 2025) that extends Poisson pseudo-maximum likelihood to recover expectile-

specific coefficients across the conditional distribution. This approach handles zeros and docu-

ments heterogeneous effects, but does not inherit the robustness of Poisson-based estimation to

the incidental parameter problem, with no bias correction currently available.19

The distribution regression framework developed in this paper is used to study how the effects

of standard gravity covariates vary across the conditional distribution of bilateral trade. At each

threshold yk, the binary indicator ỹij,k = 1{yij ≤ yk} is well-defined whether or not country pair

(i, j) has positive trade, and the estimator is consistent without imposing a parametric specification

on the unobserved heterogeneity. The joint inference framework developed in Section 4 allows

formal tests of whether covariate effects are constant across the full threshold range, rather than

pairwise comparisons at selected points.

The dataset, used previously by Helpman et al. (2008), Jochmans (2018), and Chernozhukov

et al. (2024), contains information on bilateral trade flows and covariates for 157 countries in 1986,

where i and j index each country as an exporter and an importer, respectively. Descriptive statistics

are reported in Table S.10 in the Supplemental Appendix. The outcome yij is the volume of trade

in thousands of constant 2000 U.S. dollars from country i to country j.20 The covariates xij include

Heckman-type selection correction infeasible. Sakamoto (2024) develops a semiparametric sample selection estimator

for dyadic data extending Kyriazidou (1997), but this approach requires panel data with time-varying covariates, which

is not available in this application since key gravity determinants (such as distance) are time-invariant.
19Their Monte Carlo simulations show coverage degradation at extreme expectiles, particularly with shorter time

dimensions. The authors leave the development of bias corrections for future work.
20The bilateral trade flows data are from Feenstra’s “World Trade Flows, 1970–1992,” transformed to constant 2000
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the following bilateral determinants of trade flows: the logarithm of distance between capitals,

and binary indicators for shared legal system, contiguous border, common language, and common

religion.

(a) Log distance (b) Legal system

Figure 6: Distribution regression estimates of the effect of log distance and legal system on bilateral trade. Solid blue:

CMLE; dotted red: BC; dash-dotted gray: MLE. Shaded region and dashed lines show the 95% simultaneous sup-t

confidence band and pointwise confidence intervals for the CMLE, respectively. Thresholds correspond to empirical

quantiles in [0.545, 0.990] at intervals of 0.005.

(a) Log distance (b) Legal system

Figure 7: Differences θn,d(τ) − θn,d(τ − 0.20) from the CMLE estimator for log distance and legal system. Shaded

region and dashed lines show the 95% simultaneous sup-t confidence band and pointwise confidence intervals for the

differences, respectively. The horizontal dashed line marks zero.

Figure 6 displays the DR coefficient estimates for log distance and legal system. A positive DR

coefficient indicates a negative effect on trade volume: a covariate that increases the probability

of trade falling below a threshold y reduces the likelihood of large bilateral flows. The CMLE

coefficient θd(y) has a direct interpretation as a log-odds ratio for Pr(Yij ≤ y | xij , νi, ωj), such that

U.S. dollars using the U.S. CPI by Helpman et al. (2008).
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Table 3: Joint tests of coefficient equality across thresholds

τmax = 0.95 τmax = 0.97 τmax = 0.99

Covariate Sup-t Wald Sup-t Wald Sup-t Wald

Log distance 3.83∗∗ 82.7 3.83∗∗ 88.8 3.83∗∗ 98.2

Legal system 6.75∗∗ 141.3∗∗ 6.75∗∗ 150.4∗∗ 6.75∗∗ 156.5∗∗

Border 3.95∗∗ 91.2 3.95∗∗ 95.2 3.95∗∗ 104.9

Language 2.91 79.1 2.91 80.3 2.91 81.1

Religion 2.68 90.7 2.68 95.6 2.68 96.5

K 82 86 90

Notes: The sup-t statistic tests H0 : θy1,d = · · · = θyK ,d using the supremum of standardized deviations from the first

threshold, with critical values obtained from 100,000 draws of the estimated Gaussian distribution implied by the joint

asymptotic distribution (Theorem 3). The Wald statistic uses adjacent differences R = Radj and is distributed as χ2
K−1

under H0. ∗∗ Rejection at the 5% level. τmax denotes the largest quantile included in the test.

variation across thresholds characterizes how this log-odds effect varies across the distribution.

TheCMLE estimates show substantial heterogeneity in the structural parameters across the dis-

tribution. For log distance, the coefficient increases from approximately 1.05 at the 55th percentile

to around 1.26 at the 90th percentile, and 1.78 at the 99th percentile. The increasing coefficient indi-

cates that distance is a stronger barrier at the upper end of the trade distribution. For legal system,

the coefficient becomes increasingly negative across the distribution, suggesting that shared legal

origins facilitate trade more strongly among the largest bilateral relationships. Table 3 confirms

that the null of constant coefficients is rejected for both covariates.

Turning to the comparison across estimators, for log distance, the CMLE estimates are sys-

tematically lower than both the BC and uncorrected MLE across most of the distribution, with a

persistent gap of approximately 0.3 in the area where the network is denser (until approximately

the 95th percentile). Part of this gap may reflect higher-order incidental parameter bias in the

BC estimator, or differences in pseudo-true parameters under misspecification of the logistic link

(White 1982, Hughes 2026). In the upper tail of log distance, the uncorrected MLE diverges from

the other two, while both BC and CMLE become noisier.

The pattern across the other four covariates is qualitatively different: BC and CMLE track

each other closely in the interior of the distribution, then diverge meaningfully in the upper tail,

where the estimates also become considerably noisier. For legal system, the divergence emerges

from approximately the 93rd percentile; for border, language, and religion (Supplemental Ap-
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pendix S.A.4), it emerges earlier, from approximately the 85th-90th percentile, with larger gaps at

extreme thresholds. This pattern across four of five covariates is consistent with the BC bias correc-

tion relying on the assumption of a dense network, which fails at extreme thresholds. As expected,

the joint sup-t confidence bands are wider than the pointwise intervals, and both widen toward

the extremes as the effective sample size for estimation decreases.

Table 3 reports the sup-t and Wald test statistics for H0 : θy1,d = · · · = θyK ,d, evaluated at three

choices of the maximum considered quantile: τmax ∈ {0.95, 0.97, 0.99}. These vary how far the

analysis extends into the sparse tail. The sup-t test rejects at 5% level for log distance, legal system,

and border for all specifications, and does not reject the null for language and religion. The Wald

test does not reject for any covariate apart from legal system. With K − 1 ranging from 81 to 89

restrictions, localized departures from equality contribute relatively little to the jointWald statistic,

while the sup-t test is driven by the largest standardized deviation across thresholds. The rejection

decisions are stable across τmax: for sup-t, the supremum is attained at or below τ = 0.95 for all

covariates, so no rejection is overturned despite the larger critical value at higher τmax; for theWald

test, the test statistic itself changes with τmax but the rejection decisions are unaffected.

To characterize where in the distribution the variation in the distribution regression coefficients

occurs, Figure 7 displays simultaneous 95% confidence bands for the differences θn,d(τ)− θn,d(τ −

0.20) for log distance and legal system. These bands use the feasible joint covariance of the CMLE

and the Gaussian approximation of Theorem 3(i), applied to the contrasts. Since the bands have

simultaneous coverage at the 95% level, any threshold τ where the band excludes zero refers to a

rejection of H0 : θd(τ) = θd(τ − 0.20), with family-wise error rate controlled across all thresholds

jointly. For log distance, the differences are mostly positive but the band excludes zero only at the

two lowest threshold pairs, indicating that few 20-percentile intervals show a significant change.

Combined with the rejection in Table 3, this indicates that thresholds far apart in the distribution

differ significantly, but neighboring thresholds do not: the effect of distance varies gradually across

the distribution. For legal system, by contrast, the band excludes zero across much of the upper

range, consistentwith shared legal origins becoming increasingly important for the largest bilateral

relationships.

Supplemental Appendix S.A.4 presents additional results. The coefficient paths with sup-t

bands and pointwise confidence intervals are shown for the remaining covariates. Pointwise com-

parisons between theCMLE andBC for all covariates show that CMLE intervals arewider through-

out, reflecting the efficiency cost of conditioning that yields the CMLE’s robustness in sparse set-
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tings. Sup-t bands evaluated at τmax = 0.97 yield similar conclusions, and the simultaneous bands

for the coefficient differences are reported for all covariates at both τmax = 0.97 and 0.99.

The CMLEdoes not deliver estimates of the fixed effects, which limits the recovery of the condi-

tional distribution and the computation of counterfactual distributions or related functionals that

aggregate over the fixed effects. Moreover, under sparsity, average (marginal) effects are at best

set-identified, analogous to short panel data settings.21 Nevertheless, beyond the log-odds inter-

pretation of individual coefficients, ratios of coefficients at a given threshold correspond to ratios of

partial derivatives of the conditional quantile function Q(u | xij ,νi,ωj), where u ∈ (0, 1) denotes

the quantile index (Chernozhukov et al. 2024):

θℓ,y
θk,y

∣∣∣∣
y=Q(u|xij ,νi,ωj)

=
∂xℓ

ij
Q(u | xij ,νi,ωj)

∂xk
ij
Q(u | xij ,νi,ωj)

. (7)

This relationship applies only at thresholds above the zeromass, where the conditional distribution

is continuous. The ratios measure the relative importance of different covariates at each point in

the distribution, even when absolute marginal effects are not point-identified. For instance, the

ratio θn,ldist,y/θn,legal,y indicates how much larger the marginal effect of distance is relative to that

of legal system on the conditional quantile of trade at threshold y.

The findings in this section provide evidence of heterogeneity in covariate effects across the con-

ditional distribution of trade. The directional patterns differ from earlier evidence based on quan-

tile regression (Baltagi and Egger 2016, Carrère et al. 2020) and expectile regression (Bergstrand

et al. 2025), which find covariate effects typically larger at the lower part of the conditional distri-

bution of trade flows. The bias-corrected distribution regression estimates of Chernozhukov et al.

(2024) on the same data, by contrast, deliver coefficient paths qualitatively similar to those ob-

tained with the approach proposed in this paper. The contrast across methods reflects that DR,

QR, and expectile regression target different distributional objects, although differences in dataset

and time period across studies may also contribute.
21Methods for bounding partially identified average effects have been developed for panel data models with fixed

effects (Honoré and Tamer 2006, Chernozhukov et al. 2013a, Davezies et al. 2025, Botosaru et al. 2024, Dobronyi et al.

2024, Pakel and Weidner 2023, Aguirregabiria and Carro 2024); extending these methods to network models (under a

dyadic structure and sparsity) remains an open question.
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7 Conclusion

I develop a framework for distribution regression in network settings with two-way fixed effects

that are treated as incidental parameters. The conditional maximum likelihood method of Char-

bonneau (2017) and Jochmans (2018), originally proposed for network formation models to ad-

dress the incidental parameter problem, is extended to a distribution regression setting. The es-

timator is applied at multiple thresholds of the outcome distribution (after a binarization of the

outcome variable). The proposed method provides asymptotically unbiased pointwise estimates,

in particular in sparse settings and regions of the distribution (extreme quantiles), filling a gap in

the literature. I establish joint asymptotic results across multiple thresholds with heterogeneous

convergence rates, and construct simultaneous sup-t confidence bands and equality tests. Monte

Carlo simulations confirm that the proposed estimator has reduced bias and valid inference in

sparse settings, in particular at the extreme quantiles of the distribution, where methods based on

analytical bias corrections are not well suited. The simulations also confirm that the sup-t bands

provide correct simultaneous coverage across all configurations considered, while the Wald test

exhibits size distortions that worsen with the number of considered thresholds. An empirical ap-

plication to international trade documents heterogeneity in the structural parameters of the gravity

model across the distribution of trade flows and identifies where it is most pronounced.

The method proposed in this paper complements the bias-corrected distribution regression of

Chernozhukov et al. (2024). The two approaches target different objects: in dense settings, the

bias-corrected DR recovers counterfactual distributions and functionals that aggregate over the

fixed effects, while the DRwith CMLE delivers asymptotically unbiased estimates of the structural

parameter θ0(y) in sparse settings (both in terms of first and second degree) where the fixed effects

cannot be consistently estimated. Developing informative bounds on partially identified average

effects in this setting, which are typically only set-identified under sparsity, is a natural direction

for future research.

While the application in this paper is to international trade, the framework applies broadly to

dyadic network settings with two-way fixed effects. Examples include bilateral migration (Ander-

son 2011, Beine et al. 2016, Grogger and Hanson 2011), foreign direct investment, bilateral patent

flows, and bilateral trade in services. In these settings, researchers have been interested in the

relative importance of different covariates; for instance, in migration, the relative importance of ge-

ographic, cultural, and policy-related barriers (Ortega and Peri 2013, Grogger and Hanson 2011);
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in trade, the tariff equivalents of various frictions. The ratio interpretation introduced in Section 6

provides a formal tool for such questions. More specifically, in bilateral migration, the ratio of the

coefficient on a visa waiver indicator to the coefficient on log distance can be interpreted as the

geographic distance offset by a visa waiver between origin and destination countries. Moreover,

the framework can also be adapted to bipartite settings, such as worker-firm matching with wage

outcomes. Notably, these applications typically feature sparse networks with substantial mass at

zero, precisely the setting where the framework developed in this paper provides valid inference.

Appendix A Proof of Lemma 1

Proof. Denote by ỹy the vector of all binary indicators (ỹ12,y, ỹ13,y, . . . , ỹn,n−1,y) at threshold y; by

ry = (r1,y, . . . , rn,y) the vector of row sums where ri,y =
∑n

j=1 ỹij,y; and by cy = (c1,y, . . . , cn,y) the

vector of column sums where cj,y =
∑n

i=1 ỹij,y.

Sufficiency holds if Pr(ỹy | ry, cy, {αi,y}n, {γj,y}n, {xij}n,n;θy) does not depend on the fixed

effects {αi,y}n and {γj,y}n. It follows that:

Pr(ỹy | ry, cy, {αi,y}n, {γj,y}n, {xij}n,n;θy) =
Pr (ỹy | {αi,y}n, {γj,y}n, {xij}n,n;θy)

Pr (ry, cy | {αi,y}n, {γj,y}n, {xij}n,n;θy)
,

wherePr (ry, cy | {αi,y}n, {γj,y}n, {xij}n,n;θy) =
∑

¯̃yy∈Q Pr(ỹy = ¯̃yy | {αi,y}n, {γj,y}n, {xij}n,n;θy),

and Q is the set of all binary matrices with the same row sums ry and column sums cy.

From the model specification in Equation (3), the probability of a single binary indicator is:

Pr(ỹij,y | xij , αi,y, γj,y;θy) =
exp(x′

ijθy + αi,y + γj,y)
ỹij,y

1 + exp(x′
ijθy + αi,y + γj,y)

.

By conditional independence across dyads, the joint probability of all indicators at threshold y

is:

Pr (ỹy | {αi,y}n, {γj,y}n, {xij}n,n;θy) =
∏

(i,j)∈D

Pr (ỹij,y | xij , αi,y, γj,y;θy)

=
exp

(∑
(i,j)∈D ỹij,y x

′
ijθy +

∑
(i,j)∈D ỹij,y(αi,y + γj,y)

)
∏

(i,j)∈D

[
1 + exp(x′

ijθy + αi,y + γj,y)
]

=
exp

(∑
(i,j)∈D ỹij,y x

′
ijθy

)
exp (

∑n
i=1 αi,y ri,y) exp

(∑n
j=1 γj,y cj,y

)
∏

(i,j)∈D

[
1 + exp(x′

ijθy + αi,y + γj,y)
]
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where the last equality uses
∑

(i,j)∈D ỹij,y αi,y =
∑n

i=1 αi,y
∑

j ̸=i ỹij,y =
∑n

i=1 αi,y ri,y, and analo-

gously for γj,y. Taking the ratio:

Pr (ỹy | {αi,y}n, {γj,y}n, {xij}n,n;θy)∑
¯̃yy∈Q Pr

(
¯̃yy | {αi,y}n, {γj,y}n, {xij}n,n;θy

) =
exp

(∑
(i,j)∈D ỹij,y x

′
ijθy

)
∑

¯̃yy∈Q exp
(∑

(i,j)∈D
¯̃yij,y x′

ijθy

)
since for any ¯̃yy ∈ Q, by construction,

∑
j ̸=i

¯̃yij,y = ri,y and
∑

i ̸=j
¯̃yij,y = cj,y, so the terms involving

αi,y and γj,y cancel between numerator and denominator. The resulting expression depends only

on θy and the covariates, confirming that (ry, cy) are sufficient statistics for ({αi,y}n, {γj,y}n).

Appendix B Identification

The intuition for the identification of the common parameters is analogous to that of Graham

(2017) for the undirected case. The heterogeneity parameters (fixed effects) account for the in-

degree and out-degree distributions of the network (the number of ones for a given node when

the node is a sender or a receiver). Therefore, the precise location of the ones (or links) is driven by

the variation provided by the covariates and the common parameters (x′
ijθy). Thus, conditioning

on the set {ỹij,y + ỹik,y = 1, ỹlj,y + ỹlk,y = 1, ỹij,y + ỹlk,y = 1} provides the ground for an esti-

mator that is based on the relative probability of different types of subgraphs configurations with

identical degree sequences, giving the necessary variation to identify the common parameters.

For instance, assuming that only the links represented by the solid blue lines are present in Fig-

ure 8, the different configurations provide the same contribution of the unobserved heterogeneity

to the likelihood, such that the conditional frequency to which each is observed depends only on

the variation given by the covariates associated with each. In other words, in conditioning on the

degree sequences of quadruples (since they are the same in all subgraphs, given that only the links

represented by the solid blue lines are present), the only variation is the location of the links. This

intuition aligns with Lemma 1: the sums across each dimension are sufficient statistics for the fixed

effects. At the same time, the conditioning events guarantee that for a node there is variation in

the outcomes such that the common parameters can be identified. This feature cannot be seen in

Figure 2, where none of the configurations are informative: in (a) all links are absent, in (b) all

links are present, and in (c) both senders connect to the same receiver. In all three cases zσ = 0, so

that no variation remains after conditioning.
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Figure 8: All 12 informative quadruple configurations for nodes {i,j,k,l}. Blue solid arrows: links present (ỹ = 1). Red

dashed: links absent (ỹ = 0). Each pair corresponds to a sender-receiver assignment: C1: {i,l} send to {j,k}; C2: {i,j}

send to {k,l}; C3: {i,k} send to {j,l}; C4: {j,k} send to {i,l}; C5: {j,l} send to {i,k}; C6: {k,l} send to {i,j}. Within each

assignment, the two senders connect to opposite receivers, yielding zσ ∈ {−1, 1}.

Appendix C Proofs of Section 3

In the following, for the sake of simplification of notation, I omit the subscript y that denotes

the threshold of the outcome variable. The proofs in this appendix follow the broad structure of

Jochmans (2018) for the estimator of Charbonneau (2017), with more detailed derivations (partic-

ularly of the variance order) and modifications that facilitate the extension to the joint asymptotic

distribution across thresholds in Section 4. References to Jochmans (2018) below highlight specific

points where my derivation departs from or extends theirs.

Appendix C.1 Proof of Theorem 1

Consider the limit of the objective function:

lim
n−→∞

(mnpn)
−1E(Ln(θ)),
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where Ln(θ) =
∑

σ∈Nmn
1 {zσ = 1} logF (r′σθ) + 1 {zσ = −1} log (1− F (r′σθ)). From Assumption

4, θ0 is the unique global maximizer of the limit quantity above. This follows due the rank condi-

tion, which ensures that the Hessian at θ0 is negative definite, combined with the concavity of the

function. Using Theorem 2.7 in Newey and McFadden (1994), since the function is concave and

has a unique maximizer, the consistency of the estimator, θn
p−→ θ0, will follow from pointwise con-

vergence in probability of the normalized objective function, (m∗
n)

−1Ln(θ), to (mnpn)
−1E(Ln(θ)).

To show that this is the case, start by considering the log-likelihood function:

Ln(θ) =
∑

σ∈Nmn

ℓσ(θ),

where ℓσ(θ) denotes the log-likelihood contribution of quadruple σ, which from the above, is given

by:

ℓσ(θ) = 1 {zσ = 1} logF
(
r′σθ

)
+ 1 {zσ = −1} log

(
1− F

(
r′σθ

))
Remembering that m∗

n =
∑

σ∈Nmn
1{zσ ∈ {−1, 1}}, mn is the total number of quadruples, and

pn = E(m∗
n)

mn
, then:

Ln(θ)

m∗
n

− E (Ln(θ))

E (m∗
n)

=

∑
σ∈Nm

ℓσ(θ)− E (ℓσ(θ))

E (m∗
n)

+

∑
σ∈Nm

ℓσ(θ)

E (m∗
n)

(
E (m∗

n)

m∗
n

− 1

)
The proof proceeds with showing that each of the right-hand side terms converges to zero in prob-

ability.

First term. Consider the different cases, for zσ = 1:

Pr(zσ = 1 | zσ ∈ {−1, 1},xσ, {αi, γi}n) =
1

1 + exp(−r′σθ)

ℓσ(θ) = − log(1 + exp(−r′σθ))

And, for zσ = −1:

Pr(zσ = −1 | zσ ∈ {−1, 1},xσ, {αi, γi}n) =
exp(−r′σθ)

1 + exp(−r′σθ)

ℓσ(θ) = log(exp(−r′σθ))− log(1 + exp(−r′σθ)) = −r′σθ − log(1 + exp(−r′σθ))

I proceed with finding bounds for each case, such that, for zσ = 1, |ℓσ(θ)| ≤ |r′σθ|+ log(2) and, for

zσ = −1, |ℓσ(θ)| ≤ 2|r′σθ| + log(2) by the triangle inequality. Combining both cases, by an appli-

cation of Cauchy-Schwarz inequality, it follows that: |ℓσ(θ)| ≤ 2||rσ|| ||θ||+ log(2). Since E(||rσ||2)

is finite, following Assumption 3.3, and Θ is compact, the variance of ℓσ exists and is uniformly
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bounded in σ, since: E(ℓ2σ(θ)) ≤ (log(2))2 + 4 log(2)E(||rσ||) ||θ||+ 4E(||rσ||2) ||θ||2.

Therefore, by Chebyshev’s inequality, it holds that, for any ε > 0,

Pr

(∣∣∣∣∣
∑

σ∈Nmn
ℓσ(θ)− E (ℓσ(θ))

E (m∗
n)

∣∣∣∣∣ > ε

)
≤ 1

ε2

E
(∣∣∣∑σ∈Nmn

ℓσ(θ)− E (ℓσ(θ))
∣∣∣2)

E (m∗
n)

2 ,

for each θ ∈ Θ. The next step is to focus on the term E
(∣∣∣∑σ∈Nmn

ℓσ(θ)− E (ℓσ(θ))
∣∣∣2), by ex-

panding the squared sum to analyse the variance and covariances structures, where the uniform

bound on |ℓσ(θ)| becomes crucial. Now, it follows that E
(∣∣∣∑σ∈Nmn

ℓσ(θ)−E(ℓσ(θ))
∣∣∣2) expands

to
∑

σ∈Nmn

∑
σ′∈Nmn

Cov(ℓσ(θ), ℓσ′(θ)), that is:

E

∣∣∣∣∣∣
∑

σ∈Nmn

ℓσ(θ)−E(ℓσ(θ))

∣∣∣∣∣∣
2 = E

( ∑
σ∈mn

ℓσ(θ)−E(ℓσ(θ))

) ∑
σ′∈mn

ℓσ′(θ)−E(ℓσ′(θ))

 .

Note that a pair of quadruples σ = σ{i, l; j, k} and σ′ = σ{i′, l′; j′, k′} only contributes to the

covariance if they share at least one node in common, i.e., a pair of quadruples with only distinct

nodes are independent by Assumption 3.1.

More specifically, the product above containsO(n8) terms. Consider σ and σ′ that share indices

in common, and therefore, having dependence and contributing to the covariance. If they share

the index i = i′, there are O(n2) choices for l and l′ to be distinct, and O(n4) choices of j, j′, k, k′

to be distinct. Since there are n different combinations for i = i′, the number of quadruples that

share at least one node in common is of the order O(n7) (moreover, the quadruples that share

two or more nodes in common are of smaller order than the ones sharing one node in common).

Put differently, given the n choices for the common node i = i′, there are O(n3) different ways

of completing the first quadruple, and O(n3) different ways of completing the second quadruple,

yielding O(n7) pairs in total. This also implies that for a fixed quadruple σ = σ{i, l; j, k} there are

O(n3) other quadruples sharing at least one index.

By indicating the quadruples that share common indices with 1{σ∩σ′ ̸= ∅}, and an application

of the Cauchy-Schwarz inequality:

E

 ∑
σ∈Nmn

ℓσ(θ)−E(ℓσ(θ))

 ∑
σ′∈Nmn

ℓσ′(θ)−E(ℓσ′(θ))


=

∑
σ∈Nmn

∑
σ′∈Nmn

E ((ℓσ(θ)−E(ℓσ(θ))) (ℓσ′(θ)−E(ℓσ′(θ))))
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=
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}E ((ℓσ(θ)−E(ℓσ(θ))) (ℓσ′(θ)−E(ℓσ′(θ))))

=
∑

σ∈Nmn

∑
σ′∈Nmn

1
{
σ ∩ σ′ ̸= ∅

}
Cov (ℓσ(θ), ℓσ′(θ))

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1
{
σ ∩ σ′ ̸= ∅

}
|Cov (ℓσ(θ), ℓσ′(θ))|

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}
√
Var(ℓσ(θ))

√
Var(ℓσ′(θ))

≤
∑

σ∈Nmn

√
Var(ℓσ(θ))

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}
√
Var(ℓσ′(θ))

=
∑

σ∈Nmn

O(
√
pσ)

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}O(
√
pσ′)

= O(n3mnpn) = O(n7pn), (8)

The second to last equality follows from the fact that, when considering the variance term, Var(ℓσ(θ)) =

E(ℓ2σ(θ))− E(ℓσ(θ))2, ℓσ = 0, when a quadruple is not informative, and hence E(ℓ2σ(θ)) = Pr(zσ ∈

{−1, 1})E(ℓ2σ(θ) | zσ ∈ {−1, 1}), and similarly for E(ℓσ(θ)). Since the conditional expectations are

uniformly bounded, by considering a finite constant B, Var(ℓσ(θ)) ≤ pσB, where pσ = Pr(zσ ∈

{−1, 1}) (conditional on fixed effects). Finally, remembering that
∑

σ∈Nmn
pσ = E(m∗

n) = mnpn,

the final equality follows by considering the two sums separately.

First, focusing on the term
∑

σ∈Nmn

√
Var (ℓσ (θ)) =

∑
σ∈Nmn

O
(√

pσ
)
. By Jensen’s inequality

(since square root is concave) 1
mn

∑
σ

√
pσ ≤

√
1

mn

∑
σ pσ =

√
pn, and therefore

∑
σ∈Nmn

√
pσ ≤

mn
√
pn = O

(
n4√pn

)
.

For the term
∑

σ′∈Nmn
1 {σ ∩ σ′ ̸= ∅}

√
Var (ℓσ′ (θ)), note that for any fixed σ, there are O

(
n3
)

quadruples σ′ sharing a node with σ. Then, similarly, applying Jensen’s inequality to this subset:∑
σ′∈Nmn

1 {σ ∩ σ′ ̸= ∅}√pσ′ = O
(
n3√pn

)
. Which leads to the desired result.

Another way to see this result is that, the variance decomposes as:

E

∣∣∣∣∣∣
∑

σ∈Nmn

ℓσ(θ)− E (ℓσ(θ))

∣∣∣∣∣∣
2 =

∑
σ∈Nmn

Var (ℓσ(θ)) +
∑
σ ̸=σ′

Cov (ℓσ(θ), ℓσ′(θ))

The first term (variances) contributes O (mnpn) since
∑

σ pσ = mnpn. The second term (covari-

ances) is non-zero only for dependent quadruples. With O
(
n7
)
pairs sharing nodes and typical

covariance of order O (pn), this contributes O
(
n7pn

)
= O

(
n3mnpn

)
.
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Moreover, as E(m∗
n) = mnpn andmn = O(n4), it follows that:

E

(∣∣∣∑σ∈Nmn
ℓσ(θ)−E(ℓσ(θ))

∣∣∣2)
E(m∗

n)
2

= O

(
1

npn

)
,

which converges to zero by Assumption 3.4, as n −→ ∞. Therefore:

lim
n−→∞

Pr
(∣∣∣∣∣
∑

σ∈Nmn
ℓσ(θ)−E(ℓσ(θ))
E(m∗

n)

∣∣∣∣∣ > ε

)
≤ 1

ε2

E

(∣∣∣∑σ∈Nmn
ℓσ(θ)−E(ℓσ(θ))

∣∣∣2)
E(m∗

n)
2

= 0

for any ε > 0 and all θ ∈ Θ.

Second term. For the second term, the summands are bounded uniformly in σ and do not de-

pend on θ. Following the same arguments as before, it is easy to verify that
(
m∗

n
mn

− pn

)
p−→ 0, and

therefore, m∗
n

E(M∗
n)

p−→ 1. The first step to verify this statement is to apply the Chebyshev’s inequality:

Pr

(∣∣∣∣m∗
n

mn
− pn

∣∣∣∣ > ε

)
≤ Var(m∗

n/mn)

ε2

which holds for any ε > 0. It is important to reiterate here that pn is defined as: pn = E(m∗
n)

mn
=

1
mn

∑
σ∈Nmn

Pr(zσ ∈ {−1, 1}), since m∗
n =

∑
σ∈Nmn

1{zσ ∈ {−1, 1}}. Moreover, the variance term

in the numerator of the right-hand side term is defined as:

Var

(
m∗

n

mn

)
=

1

m2
n

Var(m∗
n)

where

Var(m∗
n) =

∑
σ∈Nmn

Var(1{zσ ∈ {−1, 1}}) +
∑
σ ̸=σ′

Cov(1{zσ ∈ {−1, 1}}, 1{z′σ ∈ {−1, 1}})

Note that the variance terms are uniformly bounded, sinceVar(1{zσ ∈ {−1, 1}}) = pσ(1−pσ), and

similarly for the covariance terms. Similarly to before, quadruples that are independent have con-

tribution zero to the covariance, and there areO(n7) dependent quadruples. Therefore,Var(m∗
n) =

O(mnpn) +O(n3mnpn) = O(n3mnpn). Thus,

Var

(
m∗

n

mn

)
=

O(pn)

n
−→ 0

due to Assumption 3.4. Such that:

lim
n−→∞

Pr

(∣∣∣∣m∗
n

mn
− pn

∣∣∣∣ > ε

)
≤ Var(m∗

n/mn)

ε2

for any ε > 0, which completes the proof. The same variance bound gives Var(m∗
n/(mnpn)) =

O(1)/(npn) −→ 0, and since E(m∗
n/(mnpn)) = 1, it also follows that m∗

n/(mnpn)
p−→ 1, which is used

in the proof of Theorem 2.
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Appendix C.2 Proof of Theorem 2

The proof proceeds in 4 steps:

Step 1: Show that the score vector, evaluated at the true parameter θ0, is asymptotically equivalent

to its projection.

Step 2: Obtain the limit distribution of the projection and express it under the empirical normal-

ization byΥn(θ0).

Step 3: Prove that the Hessian of the conditional likelihood, normalized bym∗
n converges to a well

behaved limit uniformly on Θ.

Step 4: Collect results and combine themwith a mean-value expansion of the first-order condition

around the true value, to obtain the limit distribution of the estimator θn.

Remembering that the score vector given by:

Sn(θ) =

n∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∂

∂θ
ℓσ(θ)︸ ︷︷ ︸
sσ

, (9)

where, as before,

s(σ{i, i′; j, j′};θ) = rσ{1{zσ = 1}(1− Λ(r′σθ))− 1{zσ = −1}Λ(r′σθ)} (10)

This sum counts allmn = n(n− 1)(n− 2)(n− 3) ordered quadruples without imposing permuta-

tion invariance of sender-receiver roles, which differs from Jochmans (2018).

Step 1.

By defining the information setFn = {{xij}n,n, {αi}n, {γj}n}, the projection of the score, evaluated

at the true parameter, is given by:

Vn(θ0) =
n∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E(s(σ{i, i′; j, j′};θ0) | ỹij ,Fn)

=
∑
i

∑
j ̸=i

vij(θ0) (11)

where vij(θ0) =
∑

i′ ̸=i,j

∑
j′ ̸=i,j,i′ E(s(σ{i, i′; j, j′};θ0) | ỹij ,Fn). Note that while this projection

resembles a Hájek projection, as in (Serfling 2009), it is not formally one, since (i) the kernel is not

symmetric in the arguments, and (ii) the conditioning terms are more involved - since they are not

only related to the dyad i, j, but also to node-specific characteristis (αi, γj).
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While Jochmans (2018) derives asymptotic normality by explicitly computing the projection,

I follow an approach inspired by Graham (2017), establishing asymptotic equivalence through

tools fromU-statistic theorywithout detailed projection calculations, leveraging on the conditional

independence structure of link formation.

Before moving to the next steps of the proof, I present some intermediate results that will be-

come relevant.

Intermediate result 1.

Note thatE(s(σ;θ0)) = 0, since, from sufficiency, and by defining Fσ to be the collection of covari-

ates and fixed effects for the nodes in the quadruple σ, it follows that:

Pr(zσ = 1 | Fσ) = Λ(r′σθ0)Pr(zσ{−1, 1} | Fσ)

Pr(zσ = −1 | Fσ) = (1− Λ(r′σθ0))Pr(zσ{−1, 1} | Fσ)

Then,

E[s(σ,θ0)] = E
[
E[1{zσ = 1}(1− Λ(r′σθ0))r

′
σ − 1{zσ = −1}Λ(r′σθ0)r′σ | Fσ]

]
= E

[
E[1{zσ = 1} | Fσ](1− Λ(r′σθ0))r

′
σ −E[1{zσ = −1} | Fσ]Λ(r

′
σθ0)r

′
σ

]
= 0. (12)

Intermediate result 2.

From the first intermediate result, it also follows that:

E[vij(θ0)] =
∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E
[
E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn]

]
=
∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E[s(σ{i, i′; j, j′},θ0)] = 0 (13)

Importantly, from this result, it also follows that E[Vn(θ0)] = 0.

Intermediate result 3.

First, note that, similarly to Graham (2017) link decisions are conditionally independent, that is,

considering nodes i, j, i′, and j′, conditional on these agents observed and unobserved character-

istics, the events that i and j are connected, i and j’ are connected, i’ and j are connected, and i’ and j’ are

connected are independent of each other. Then, it follows that:

E[vij(θ0)vi′j′(θ0)] = E
[
E[vij(θ0)vi′j′(θ0) | Fn]

]
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= E
[
E[vij(θ0) | Fn]E[vi′j′(θ0) | Fn]

]
= 0 (14)

unless i = i′ and j = j′.

Intermediate result 4.

Also from the conditional independence of link formation,

E[sσ(θ0)sσ′(θ0)
′] = E

[
E[sσ(θ0)sσ′(θ0)

′ | Fn]
]
= 0,

unless σ and σ′ share at least one dyad in common.

To see this, note that after conditioning on Fn, each score contribution sσ (θ0) depends only on

the four dyadic outcomes (ỹi1j1 , ỹi1j2 , ỹi2j1 , ỹi2j2) through zσ. Since the errors ϵij are independent

across dyads, these dyadic outcomes are conditionally independent given Fn. Therefore, sσ and

sσ′ are conditionally independent whenever they involve entirely distinct sets of dyads. Therefore,

the diagonal structure comes from the conditional independence argument.

At this point, it is important to discuss a distinction from the proof strategy of Theorem 1. In

the proof of Theorem 1, when analyzing the convergence of the objective function, I did not condi-

tion on covariates and fixed effects. There, dependencies arosewhenever quadruples shared nodes

because: (i) the covariate vectors xij can be dependent across dyads sharing nodes; (ii) common

fixed effects also generate dependency; (iii) the expectation E [ℓσ(θ)] averages over both covariate

and error distributions; (iv) the likelihood contributions ℓσ have non-zero expectations (unlike the

score contributions which have zero expectation).

This distinction highlights that: (i) when conditioning on Fn, independence requires distinct

dyads (Intermediate Results 3 and 4); (ii) without conditioning on covariates Independence re-

quires no shared nodes (as in Theorem 1). The conditioning structure fundamentally changes

the dependence patterns, which is crucial for understanding the different convergence rates and

variance calculations throughout the proofs.

Now, I proceed to show the asymptotic equivalence between the normalized score vector and

the normalized projection. That is, to show thatΥ−1/2Vn(θ0) andΥ−1/2Sn(θ0) are asymptotically

equivalent, where Υ is the covariance matrix of the projection. The covariance matrix of the pro-

jection is given by, given the Intermediate results 1, 2 and 3:

Υ = E[Vn(θ0)Vn(θ0)
′]
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=
∑
i

∑
j ̸=i

E[vij(θ0)vij(θ0)]

=
∑
i

∑
j ̸=i

E

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn]
∑
i′′ ̸=i,j

∑
j′′ ̸=i,j,i′′

E[s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn]
′


=
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j

∑
j′′ ̸=i,j,i′′

E
[
E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn]E[s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn]

′]
(15)

The first equality follows since E[Vn(θ0)] = 0. The second equality follows since the cross terms

vanish unless i = i′ and j = j′. Therefore, only same-dyad terms contribute to the variance. The

matrixΥ is positive semidefinite by construction, being a sum of outer products. Its positive defi-

niteness at the n6pn scale is established at the beginning of Step 2, as a consequence of Assumption

3.6 and the score–projection covariance equivalence derived there. On that basis, the normaliza-

tions by Υ−1/2 used below are well defined for sufficiently large n.

Furthermore, analogously to the Intermediate result 3, we know that the terms of the projec-

tions, say E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn] and E[s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn] are conditionally un-

correlated, unless they share one dyad in common. In the expression above there are O(n6) terms

with only one dyad in common. This follows from the fact that one can first choose the shared

dyad (i, j) in O(n2) different ways, then complete the first quadruple by choosing (i′, j′) in O(n2)

ways, and analogously complete the second quadruple, leading to the termO(n6). Configurations

in which the two quadruples share more than one dyad have at most five free node indices and

therefore number O(n5). By Cauchy–Schwarz and the uniform conditional moment bounds im-

plied by Assumption 3.3, the aggregate contribution of these configurations is O(n5). Since the

leading term is of order n6pn, as established in the rate calculation at the end of this proof, these

configurations are negligible:

(n6pn)
−1O(n5) = O

(
(npn)

−1
)
= o(1)

by Assumption 3.4. Therefore, the leading term of E[Vn(θ0)Vn(θ0)
′] is comprised of correlations

between E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn] and E[s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn] for which quadruples

{i, i′; j, j′}, {i, i′′; j, j′′} share exactly one dyad in common.

Given that, conditional on Fn and yij , s(σ{i, i′; j, j′},θ0) and s(σ{i, i′′; j, j′′},θ0) are indepen-

dent if i′ ̸= i′′ and j′ ̸= j′′, the leading term of the variance of the projection is characterized as:
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Υl =
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
E[s(σ{i, i′; j, j′},θ0) | ỹij ,Fn]E[s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn]

′]
=
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
E[s(σ{i, i′; j, j′},θ0)s(σ{i, i′′; j, j′′},θ0) | ỹij ,Fn]

′]
=
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
s(σ{i, i′; j, j′},θ0)s(σ{i, i′′; j, j′′},θ0)′

]
(16)

where the second equality follows from conditional independence. Asmentioned before, note that

for the second quadruple, it is required that i′′ ̸= i′, and that j′′ ̸= j′, since, otherwise, the dyads

(i′, j) and (i′′, j), and the dyads (i, j′) and (i, j′′) are the same. The condition i′′ ̸= i′ and j′′ ̸= j′

ensures that the quadruples σ {i, i′; j, j′} and σ {i, i′′; j, j′′} share only the dyad (i, j), making them

conditionally independent given (ỹij ,Fn). This conditional independence is crucial for the second

equality above.

To establish asymptotic equivalence between Sn (θ0) and Vn (θ0), one needs to show that their

covariance structures coincide asymptotically. Specifically, following Van der Vaart (2000), I estab-

lish:

lim
n−→∞

Υ−1/2
E
[
(Vn(θ0)− Sn(θ0))(Vn(θ0)− Sn(θ0))

′]Υ−1/2 = 0.

Or, equivalently,

lim
n−→∞

Υ−1/2
E
[
Vn(θ0)Vn(θ0)

′ − Sn(θ0)Vn(θ0)
′ − Vn(θ0)Sn(θ0)

′ + Sn(θ0)Sn(θ0)
′]Υ−1/2 = 0.

The next step is to show that the (leading term of the) covariance matrix of the score Sn(θ0)

coincides with the (leading term of the) covariance matrix for the projection, that is given above.

The covariance of the score is given by E[Sn(θ0)Sn(θ0)
′].

From the previous intermediate results, because (i) E[s(σ;θ0) | Fσ] = 0 for all σ ∈ Nmn ,

where Fσ is the collection of covariates and fixed effects for the nodes in the quadruple σ, as in

Intermediate result 1, (ii) and link decisions are conditionally independent, it follows that:

E
(
s (σ;θ0) s

(
σ′;θ0

)′ | Fσ,Fσ′

)
= 0

unless σ and σ′ have at least one dyad in common. Due to the same reasoning as before, there are

O(n6) terms with only one dyad in common, while configurations sharing more than one dyad

number O(n5) and, by Cauchy–Schwarz and the moment bounds of Assumption 3.5, contribute

O(n5) in aggregate. Since the leading term is of order n6pn, as established in the rate calculation
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at the end of this proof, these configurations are negligible relative to it, so that the factor-of-16

and factor-of-4 relations between the leading covariance terms below hold after normalization by

the full covariance scale. Therefore, the leading term of the variance of the scores is given by

correlations between s (σ;θ0), and and s (σ′;θ0) for which the quadruples σ, σ′ have exactly one

dyad in common. Similarly to Jochmans (2018), one can fix the dyad in common to be the first

sender-receiver dyad (i, j), and then multiply the expression for the score s (σ;θ0) by 4. The factor

4 comes from the fact that in the expression for the score of the first quadruple, the shared dyad

can be in 4 different positions, and similarly for the second dyad. Therefore, fixing the dyad in

common to be the first sender-receiver in each quadruple captures only 1 out of 16 possibilities.

The leading term of the variance of the score is then given by:

Υs,l =
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×E
[
s(σ{i, i′; j, j′},θ0)s(σ{i, i′′; j, j′′},θ0)′

]
(17)

Thus, an immediate result is thatΥs,l = 16×Υl. Note that the discrepancy by a factor of 16 follows

from the fact that in the variance of the scores, the shared dyads can be in any of the four positions

in each quadruple, while in the variance of the projection, (i, j) is always set to the first position

due to the definition of the projection.

It follows not only that Υ−1/2E[Vn(θ0)Vn(θ0)
′]Υ−1/2 = I + o(1), but also from the equiva-

lence of the leading terms, it also follows that Υ−1/2E[S̃n(θ0)S̃n(θ0)
′]Υ−1/2 = I + o(1), where

S̃n(θ0) = 1/4Sn(θ0), a rescaled score such that the factor of 16 is absorbed, and standard asymp-

totic equivalence follows directly. Note that this rescaling is merely for notational convenience; the

original scoreSn(θ0) and projection Vn(θ0) remain asymptotically equivalent after proper normal-

ization. From analogous arguments, given:

E[Sn(θ0)Vn(θ0)
′] =

∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j

∑
j′′ ̸=i,j,i′′

E
[
4× s(σ{i, i′; j, j′},θ0)E[s(σ{i, i′′; j, j′′},θ0) | yij ,Fn]

′] ,
Υ−1/2E[S̃n(θ0)Vn(θ0)

′]Υ−1/2 = I+o(1), and analogouslyΥ−1/2E[Vn(θ0)S̃n(θ0)
′]Υ−1/2 = I+o(1),

which proves the asymptotic equivalence above (after proper normalization).

The factor of 4 in this expression arises again from the positional asymmetry between the score

andprojection terms. In the scoreSn (θ0), when summing over all quadruples, each pair of quadru-

ples sharing dyad (i, j) can have this shared dyad appearing in any of the 4 possible positions

within the quadruple structure. However, in the projection Vn (θ0), the term vij specifically condi-

tions on ỹij and only includes quadruples where dyad (i, j) occupies the first sender-first receiver
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position. Therefore, when computing the cross-product E
[
Sn (θ0)Vn (θ0)

′], each score contribu-

tion with the shared dyad in any of its 4 possible positions gets matched with projection terms

where that same dyad is fixed in the first position. This results in the multiplicative factor of 4 ,

which is consistent with the earlier finding that the variance of the score has a factor of 16 (from

4× 4 possible position combinations) while the projection variance has no such factor.

Step 2.

Projection covariance and the score–projection bridge.

Recall that vij are zero mean and independent conditional on the sequence of covariates and fixed

effects (as shown in intermediate result 3). Let

ΥX =

N∑
i=1

∑
j ̸=i

E
(
vijv

′
ij | {xij}n,n , {αi}n, {γj}n

)
.

Recall the matrix Υn(θ) from the main text, which for any θ is given by

Υn(θ) =
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×
[
s(σ{i, i′; j, j′};θ)s(σ{i, i′′; j, j′′};θ)′

]
. (18)

Assumption 3.6 is imposed on this matrix, evaluated at θ0. It is connected to the conditional co-

variance of the projection by the following result:

(n6pn)
−1 ∥Υn(θ0)− 16ΥX∥ p−→ 0. (19)

To establish (19), decompose

Υn(θ0)− 16ΥX =
{
Υn(θ0)− E[Υn(θ0) | Fn]

}
+
{
E[Υn(θ0) | Fn]− 16ΥX

}
.

For the second term, note that the index restrictions i′′ ̸= i′ and j′′ ̸= j′ in (18) ensure that the

quadruples σ{i, i′; j, j′} and σ{i, i′′; j, j′′} share only the dyad (i, j), so that, conditional on (ỹij ,Fn),

the two score contributions are independent. By iterated expectations,

E
[
s(σ{i, i′; j, j′};θ0)s(σ{i, i′′; j, j′′};θ0)′ | Fn

]
= E

[
E[s(σ{i, i′; j, j′};θ0) | ỹij ,Fn]E[s(σ{i, i′′; j, j′′};θ0) | ỹij ,Fn]

′ | Fn

]
,

which is exactly the corresponding term in the expansion of ΥX . Hence E[Υn(θ0) | Fn] coincides

with 16 times the restriction ofΥX to configurations satisfying i′′ ̸= i′ and j′′ ̸= j′. The discrepancy

therefore consists only of the configurations excluded by these restrictions. As established in Step
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1, there are O(n5) such configurations, each contributing O(1) in expectation, so that their total

contribution is Op(n
5).

For the first term, Υn(θ0) is a sum of O(n6) matrix-valued terms, each a product of two score

contributions. Conditional on Fn, each such term depends only on the outcomes of the dyads in

its two quadruples, and these outcomes are independent across dyads. Two terms therefore have

zero conditional covariance unless their sets of directed dyads overlap. For a fixed configuration,

selecting a shared directed dyad fixes two node indices of the second configuration, leaving atmost

four free, so that there are O(n4) configurations overlapping any given one, and O(n10) pairs with

potentially non-zero conditional covariance in total. Using the moment bounds of Assumption 3.5

and, for fixed parameter dimension, a conditional Chebyshev inequality,

E
[
∥Υn(θ0)− E[Υn(θ0) | Fn]∥2F

]
= O(n10), so that ∥Υn(θ0)− E[Υn(θ0) | Fn]∥ = Op(n

5).

Note that, unlike the unconditional covariance counting used for theHessian in Step 3, where pairs

of quadruples sharing a node are dependent through the covariates and fixed effects, the present

argument conditions on Fn, so that only dyad-sharing configurations contribute.

Both terms in the decomposition above are therefore Op(n
5). Since npn → ∞ by Assumption

3.4,

(n6pn)
−1Op(n

5) = Op

(
(npn)

−1
)
= op(1),

which proves (19).

Eigenvalue transfers.

The eigenvalue condition in Assumption 3.6 transfers to the covariance matrices used below. By

(19) and Weyl’s inequality, and since 1
16Υn(θ0) satisfies the eigenvalue bound of Assumption 3.6

with constant c/16,

λmin

[
(n6pn)

−1ΥX

]
≥ c

16
− op(1)

with probability approaching one, so that ΥX is positive definite with probability approaching

one, its symmetric inverse square root is well defined on an event whose probability tends to one,

and ∥Υ−1/2
X ∥ = Op((n

6pn)
−1/2).

The same holds for the population matrix Υ = E[ΥX ]. Let An = {λmin(ΥX) ≥ cXn6pn} for a

sufficiently small constant cX > 0, so that Pr(An) → 1. SinceΥX is positive semidefinite, for every

unit vector a,

a′Υa = E[a′ΥXa] ≥ E[a′ΥXa 1{An}] ≥ cXn6pn Pr(An),

55



so that λmin(Υ) ≥ cΥn
6pn for some cΥ > 0 and all sufficiently large n. Together with the upper

bound ∥Υ∥ = O(n6pn) from the leading-term calculation, the matrixΥ is positive definite for suf-

ficiently large n and ∥Υ−1/2∥ = O((n6pn)
−1/2), as used in Step 1.

Conditional central limit theorem.

Conditional on Fn, the summands vij(θ0) are independent and have conditional mean zero. The

fourth-moment Lyapunov condition can be verified directly from the definition of the projection.

WriteNmn,ij for the set of quadruples containing the dyad (i, j) in the first sender-receiver position,

so that ∑
σ∈Nmn,ij

(·) =
∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

(·), |Nmn,ij | = (n− 2)(n− 3) = O(n2).

Since the scalar logistic residual in each score contribution is bounded by one in absolute value,

∥s(σ;θ0)∥ ≤ ∥rσ∥, and rσ is Fn-measurable. Conditional Jensen’s inequality therefore gives

∥vij(θ0)∥ ≤
∑

σ∈Nmn,ij

E [∥s(σ;θ0)∥ | ỹij ,Fn] ≤
∑

σ∈Nmn,ij

∥rσ∥. (20)

By the power-mean inequality and |Nmn,ij | = O(n2), ∑
σ∈Nmn,ij

∥rσ∥

4

≤ |Nmn,ij |3
∑

σ∈Nmn,ij

∥rσ∥4,

and the uniformly bounded sixth moments of Assumption 3.5 imply uniformly bounded fourth

moments of rσ. Summing over the O(n2) directed dyads, the resulting bound has unconditional

expectation of order n10, so that by Markov’s inequality
n∑

i=1

∑
j ̸=i

E
[
∥vij(θ0)∥4 | Fn

]
= Op(n

10).

Combining this with the eigenvalue bound established above,
n∑

i=1

∑
j ̸=i

E
[∥∥∥Υ−1/2

X vij(θ0)
∥∥∥4 | Fn

]
≤ ∥Υ−1/2

X ∥4
n∑

i=1

∑
j ̸=i

E
[
∥vij(θ0)∥4 | Fn

]
= Op

(
n10

(n6pn)2

)
= Op

(
(npn)

−2
)
,

which converges to zero by Assumption 3.4. The conditional fourth-moment Lyapunov condition

therefore holds, and a conditional version of the Lyapunov CLT (Rao 2009) gives:

Υ
−1/2
X Vn(θ0)

d−→ N(0, I)

conditional on the covariates and fixed effects. Note that the convergence holds since conditional

on covariates and fixed effects, the remaining randomness comes from the idiosyncratic errors in
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the outcomes {yij}, such that the projectionVn(θ0) is a summation over conditionally independent

summands. Specifically,Vn (θ0) =
∑

i,j vij (θ0)where each vij depends only on ỹij , and the ỹij ’s are

conditionally independent given Fn due to the independence of the error terms ϵij . In particular,

the convergence result holds for any sequence of fixed effects, and any configuration of covari-

ates. For an explicit fourth-moment verification in a closely related dyadic conditional-likelihood

setting, see Muris et al. (2025). Their argument computes the projection weights explicitly; the

envelope in (20) follows here directly from the abstract definition of the projection.

Empirical normalization.

Define a matrix Υn(θn) to be the plug-in estimator of the leading term of the score variance Υs,l

above, such that:

Υn(θn) =
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×
[
s(σ{i, i′; j, j′},θn)s(σ{i, i′′; j, j′′},θn)′

]
(21)

The limit distribution is now expressed directly in terms of the empirical matrixΥn(θ0). Recall

that S̃n(θ0) =
1
4Sn(θ0) and writeUn = S̃n(θ0)−Vn(θ0) for the remainder from Step 1. Denote the

rate-normalized matrices by

Υn(θ0) :=
Υn(θ0)

16n6pn
, ΥX :=

ΥX

n6pn
.

By (19), ∥Υn(θ0)−ΥX∥ p−→ 0, and by the eigenvalue transfers established above bothmatrices have

smallest eigenvalue bounded away from zero with probability approaching one. Writing

Υn(θ0)
−1/2 −Υ

−1/2
X = Υn(θ0)

−1/2
(
Υ

1/2
X −Υn(θ0)

1/2
)
Υ

−1/2
X ,

and using the perturbation bound for matrix square roots, which for symmetric positive definite

matrices A and B gives ∥B1/2 − A1/2∥ ≤ ∥B − A∥/(λmin(A)1/2 + λmin(B)1/2), the eigenvalue

bounds established above imply ∥∥∥Υn(θ0)
−1/2 −Υ

−1/2
X

∥∥∥ p−→ 0.

Moreover, (n6pn)
−1/2Vn(θ0) = Op(1), since its conditional variance isΥX = Op(1). Therefore[(

1
16Υn(θ0)

)−1/2 −Υ
−1/2
X

]
Vn(θ0) =

[
Υn(θ0)

−1/2 −Υ
−1/2
X

] Vn(θ0)

(n6pn)1/2
= op(1),

and combining this with the limit distribution of Υ−1/2
X Vn(θ0) obtained above, Slutsky’s theorem

gives (
1
16Υn(θ0)

)−1/2
Vn(θ0)

d−→ N(0, I).
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For the remainder, the eigenvalue bound on Υn(θ0) and the upper bound ∥Υ∥ = O(n6pn) give

∥( 1
16Υn(θ0))

−1/2Υ1/2∥ = Op(1), while the asymptotic equivalence established in Step 1 givesΥ−1/2E[UnU
′
n]Υ

−1/2 =

o(1), obtained by combining the three normalized second-moment results, so that Υ−1/2Un =

op(1) by Markov’s inequality. Hence

(
1
16Υn(θ0)

)−1/2
Un =

[(
1
16Υn(θ0)

)−1/2
Υ1/2

] [
Υ−1/2Un

]
= op(1).

Since S̃n(θ0) = Vn(θ0) +Un and ( 1
16Υn(θ0))

−1/2S̃n(θ0) = Υn(θ0)
−1/2Sn(θ0), it follows that

Υn(θ0)
−1/2Sn(θ0)

d−→ N(0, I).

This convergence is unconditional: Υn(θ0) is outcome-dependent and therefore notFn-measurable,

so Slutsky’s theorem is applied to the unconditional limit obtained above.

The feasible version replaces θ0 by θn in Υn(·); the required plug-in consistency and the re-

sulting invertibility are established in the final part of this proof. Note that the original score is

considered here, and accordingly, the empirical matrix takes into account the factor 16.

Step 3.

The proof proceeds by showing the uniform convergence of the Hessian. Recall that the Hessian is

Hn(θ) = −
∑

σ∈Nmn

rσr
′
σf
(
r′σθ

)
1 {zσ ∈ {−1, 1}} .

The goal is to show that

sup
θ∈Θ

∥∥∥∥Hn(θ)

m∗
n

− E (Hn(θ))

mnpn

∥∥∥∥ p−→ 0

as n → ∞. The matrix limn→∞ (mnpn)
−1E (Hn(θ0)) is the matrix given in Assumption 3.4. Be-

cause it was shown in the proof of Theorem 1 that (m∗
n/mn − pn)

p−→ 0 as n → ∞ it suffices to show

that
supθ∈Θ ∥Hn(θ)− E (Hn(θ))∥

mnpn

p−→ 0

as n → ∞. In this way, the randomness in the random variable m∗
n is separated from the random-

ness in the quadruple values in the expression for theHessian. Moreover, the uniform convergence

over Θ ensures that the result holds at the random θn. To show that the above expression holds,

the conditions of Lemma 2.9 of Newey andMcFadden (1994) need to be verified, which essentially

requires pointwise convergence in probability and stochastic equicontinuity of the Hessian.
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Stochastic equicontinuity.

First, note that:

Hn(θ1)−Hn(θ2) = −
∑

σ∈Nmn

rσr
′
σ

[
f(r′σθ1)− f(r′σθ2)

]
1 {zσ ∈ {−1, 1}}

Then, it follows that:

f(r′σθ1)− f(r′σθ2) = f ′(r′σθ
∗
σ)r

′
σ(θ1 − θ2)

By an application of themean-value theorem to [f(r′σθ1)− f(r′σθ2)], in the sense that for each term,

there exists a θ∗
σ between θ1 and θ2. Next, by an application of the Cauchy-Schwarz inequality:

||Hn(θ1)−Hn(θ2)|| ≤
∑

σ∈Nmn

||rσr′σ|| |f ′(r′σθ
∗
σ)| |r′σ(θ1 − θ2)| 1 {zσ ∈ {−1, 1}}

≤
∑

σ∈Nmn

||rσ||3 |f ′(r′σθ
∗
σ)| ||θ1 − θ2)|| 1 {zσ ∈ {−1, 1}}

To obtain the final bound, since θ∗
σ lies between θ1 and θ2, and both are in the compact set Θ, it is

possible to bound:

|f ′(r′σθ
∗
σ)| ≤ sup

ε∈R

∣∣∣∣∂f(ε)∂ε

∣∣∣∣
Leading to the expression:

∥Hn(θ1)−Hn(θ2)∥
mnpn

≤

(mnpn)
−1

∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}}

 sup
ε∈R

∣∣∣∣∂f(ε)∂ε

∣∣∣∣ ∥θ1 − θ2∥ (22)

for any θ1,θ2 ∈ Θ. Using the same arguments as those used to establish Theorem 1 it follows that

(mnpn)
−1

∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}} = Op(1)

where the moment condition in Assumption 3.5 is used. The proof proceeds in formally showing

this statement. By Chebyshev’s inequality:

Pr

(∣∣∣∣∣
∑

σ∈Nmn
∥rσ∥3 1 {zσ ∈ {−1, 1}}

mnpn
− E

[∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}}
mnpn

]∣∣∣∣∣ > ε

)

≤
Var(

∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}})
(mnpn)2ε2

(23)

I first focus on the term E
[∑

σ∈Nmn
∥rσ∥31{zσ∈{−1,1}}

mnpn

]
. Note that

∑
σ∈Nmn

E [1 {zσ ∈ {−1, 1}}] =

mnpn. It is possible to rewrite:∑
σ∈Nmn

E[∥rσ∥3 1 {zσ ∈ {−1, 1}}] =
∑

σ∈Nmn

E
[
∥rσ∥3 · 1 {zσ ∈ {−1, 1}}

]
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=
∑

σ∈Nmn

E
[
∥rσ∥3 | zσ ∈ {−1, 1}

]
· Pr (zσ ∈ {−1, 1}) (24)

Since the conditional expectation E
[
∥rσ∥3 | zσ ∈ {−1, 1}

]
≤ C ′ for some finite constant C ′ (the

third moment is bounded regardless of the link pattern), it follows that:∑
σ∈Nmn

E
[
∥rσ∥3 · 1 {zσ ∈ {−1, 1}}

]
≤ C ′

∑
σ∈Nmn

Pr (zσ ∈ {−1, 1}) = C ′ ·mnpn

Such that

E

[∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}}
mnpn

]
= O(1)

For the variance term, I follow a similar argument as in Theorem 1. Note that the term can be

written as, by denoting Aσ = ∥rσ∥3 1 {zσ ∈ {−1, 1}} − E
(
∥rσ∥3 1 {zσ ∈ {−1, 1}}

)
:

Var

 ∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}}

 = E

∣∣∣∣∣∣
∑

σ∈Nmn

Aσ

∣∣∣∣∣∣
2

= E

 ∑
σ∈Nmn

Aσ

 ∑
σ′∈Nmn

Aσ′


=

∑
σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}E ((Aσ) (Aσ′))

=
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}Cov(∥rσ∥3 1 {zσ ∈ {−1, 1}} , ∥rσ′∥3 1 {zσ′ ∈ {−1, 1}})

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}|Cov(∥rσ∥3 1 {zσ ∈ {−1, 1}} , ∥rσ′∥3 1 {zσ′ ∈ {−1, 1}})|

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}
√
E
(
∥rσ∥6 1 {zσ ∈ {−1, 1}}

)√
E
(
∥rσ′∥6 1 {zσ′ ∈ {−1, 1}}

)
≤ B′

∑
σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}√pσpσ′

= O(n3mnpn) (25)

where the second inequality follows froman application of theCauchy-Schwarz inequality. The ex-

pression ∥rσ′∥6 1 {zσ′ ∈ {−1, 1}} follows from the fact that 1 {zσ′ ∈ {−1, 1}}2 = 1 {zσ′ ∈ {−1, 1}}.

Moreover, by writing:

E
(
∥rσ′∥6 1 {zσ′ ∈ {−1, 1}}

)
= Pr(1 {zσ′ ∈ {−1, 1}})E

(
∥rσ′∥6 | 1 {zσ′ ∈ {−1, 1}}

)
,

and since the conditional expectation is bounded, since E
(
∥rσ′∥6

)
is uniformly bounded from

Assumption 3.5 by some constant B′, it follows that E
(
∥rσ∥6 1 {zσ ∈ {−1, 1}}

)
≤ pσB

′. Finally,
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by applying the same reasoning as in the previous proof, by an application of Jensen’s inequatility,

and from the fact that O(n7) quadruples share a node, the result follows.

Furthermore, similarly to before, it follows that:

Var(
∑

σ∈Nmn
∥rσ∥3 1 {zσ ∈ {−1, 1}})
(mnpn)2

= O

(
1

npn

)
which converges to zero by Assumption 3.4. Thus:

lim
n−→∞

Pr

(∣∣∣∣∣
∑

σ∈Nmn
∥rσ∥3 1 {zσ ∈ {−1, 1}}

mnpn
− E

[∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}}
mnpn

]∣∣∣∣∣ > ε

)

≤
Var(

∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}})
(mnpn)2ε2

= 0 (26)

for any ε > 0, leading to:

(mnpn)
−1

∑
σ∈Nmn

∥rσ∥3 1 {zσ ∈ {−1, 1}} = Op(1)

Because the derivative of f is bounded uniformly on R, I gather these last results to obtain the

following for Equation 22:

∥Hn (θ1)−Hn (θ2)∥
mnpn

= Op(1) ∥θ1 − θ2∥

for any θ1,θ2 ∈ Θ. Thus, the Hessian matrix is stochastically equicontinuous. This implies that

uniform convergence of theHessian follows frompointwise convergence onΘ, from an application

of Lemma 2.9 in Newey and McFadden (1994).

Pointwise convergence.

Assumption 3.5 implies thatE
(
∥rσ∥4 | zσ ∈ {−1, 1}

)
is uniformly bounded inσwhile f is bounded

uniformly on R. Therefore, in the following, using these results, the proof proceeds to show the

convergence result
∥Hn(θ)− E (Hn(θ))∥

mnpn

p−→ 0

for all θ ∈ Θ. By Chebyshev’s inequality, it follows that, for any fixed θ in Θ and ε > 0:

Pr

(
∥Hn(θ)− E (Hn(θ))∥

mnpn
> ε

)
≤

E
(
∥Hn(θ)− E (Hn(θ))∥2

)
ε2(mnpn)2

For a fixedvalue ofθ, definehσ(θ) = −rσr
′
σf(r

′
σθ)1{zσ ∈ {−1, 1}}, such thatHn(θ) =

∑
σ∈Nmn

hσ(θ).

Similarly to before, it follows that, using an application of the triangle inequality for norms and the

Cauchy-Schwarz inequality:
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E
(
∥Hn(θ)− E (Hn(θ))∥2

)
= E

∥∥∥∥∥∥
∑

σ∈Nmn

hσ(θ)− E(hσ(θ))

∥∥∥∥∥∥
2

≤ E

 ∑
σ∈Nmn

∥hσ(θ)− E(hσ(θ))∥

2
=

∑
σ∈Nmn

∑
σ′∈Nmn

E (∥hσ(θ)− E(hσ(θ))∥ ∥hσ′(θ)− E(hσ′(θ))∥)

=
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}E (∥hσ(θ)− E(hσ(θ))∥ ∥hσ′(θ)− E(hσ′(θ))∥)

(27)

=
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}Cov(hσ(θ), hσ′(θ))

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}|Cov(hσ(θ), hσ′(θ))|

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{σ ∩ σ′ ̸= ∅}
√
Var(hσ(θ))

√
Var(hσ′(θ))

= O(n3mnpn) (28)

Where the final result follows the same arguments as in the proof of Theorem 1, using the bound on

sixth moments from Assumption 3.5 and the fact that there areO
(
n7
)
pairs of quadruples sharing

nodes. Therefore,

lim
n−→∞

Pr

(
∥Hn(θ)− E (Hn(θ))∥

mnpn
> ε

)
≤

E
(
∥Hn(θ)− E (Hn(θ))∥2

)
ε2(mnpn)2

= 0

for any ε > 0.

Convergence to the limit matrix.

Therefore, pointwise convergence and uniform convergence have been shown. In particular, eval-

uating at θ0,

(mnpn)
−1Hn(θ0)

p−→ lim
n−→∞

(mnpn)
−1E(Hn(θ0)),

the matrix given in Assumption 3.4.

Step 4.

Limit distribution of the estimator.
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In this final step, the limit distribution of the estimator is derived. A first order Taylor expansion

the first order condition to the log-likelihood optimization problem around the true value of the

parameter, θ0 yields:

Sn(θn) = Sn(θ0) +Hn(θ∗)(θn − θ0)

Where θ∗ ∈ Θ is a value that lies between θn and θ0. Since from the first order condition it follows

that Sn(θn) = 0, and hence:

θn − θ0 = −Hn(θ∗)
−1Sn(θ0)

To get to the limit distribution, a proper normalization is needed. Define the sandwich asymptotic

variance matrix (given that the information matrix equality fails in this quasi-likelihood setting)

Ωn(θ0) = Hn(θ0)
−1Υn(θ0)Hn(θ0)

−1.

Sinceθ∗
p−→ θ0, the stochastic equicontinuity bound established in Step 3 gives (mnpn)

−1∥Hn(θ∗)−

Hn(θ0)∥
p−→ 0, so that, on the eventwhere bothmatrices are invertible, (mnpn)Hn(θ∗)

−1 = (mnpn)Hn(θ0)
−1+

op(1), the invertibility and the associated eigenvalue bounds being established in the final part of

this proof. Consequently,

Ωn(θ0)
−1/2 (θn − θ0) = −Ωn(θ0)

−1/2Hn (θ0)
−1 Sn (θ0) + op(1).

Passing from the limit distribution of the score to that of the estimator requires multiplying by

Mn := Ωn(θ0)
−1/2Hn(θ0)

−1Υn(θ0)
1/2,

which satisfiesMnM
′
n = I by the definition ofΩn(θ0) and is therefore orthogonal for every n. Or-

thogonality alone is not enough: Mn is constructed fromΥn(θ0) and is therefore not independent

of the standardized score it multiplies, so the rotation invariance of the standard normal law can-

not be invoked directly. The argument proceeds conditionally onFn, where the rotation is fixed. A

deterministic rotation would serve equally well and would not need to converge, but establishing

one would require the conditional score covariance to concentrate around its unconditional mean,

which the assumptions do not deliver.

Let Hn := (mnpn)
−1Hn(θ0) and H∞ := limn→∞ E(Hn), which exists and is negative definite

by Assumption 3.4, and define

ΩX,n := (mnpn)
−2H

−1
∞ (16ΥX)H

−1
∞ , LX,n := Ω

−1/2
X,n (mnpn)

−1H
−1
∞ (16ΥX)1/2 ,

so that LX,nL
′
X,n = I and LX,n is a fixed matrix given Fn, since ΥX is a conditional expectation

givenFn andH∞ is deterministic. By the conditional central limit theorem of Step 2, together with
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Υ−1/2Un = op(1) from the asymptotic equivalence,

(16ΥX)−1/2 Sn(θ0)
d−→ N(0, I)

conditionally on Fn. Since an orthogonal transformation that is fixed given the conditioning vari-

ables leaves a conditionally standard normal vector standard normal, combining this with the ex-

pansion above and replacing Hn(θ0) by (mnpn)H∞, which is negligible at the Hessian scale by

Step 3, gives

Ω
−1/2
X,n (θn − θ0)

d−→ N(0, I)

conditionally on Fn. The limiting distribution does not depend on the conditioning variables, so

the convergence also holds unconditionally.

Finally,Ωn(θ0) andΩX,n differ throughΥn(θ0) againstΥX andHn againstH∞, both of which

vanish in normby (19) and Step 3 respectively. The common scale (n(n−1)pn)
−1 cancels in the ratio

Ωn(θ0)
−1/2Ω

1/2
X,n, and since the eigenvalue bounds of Step 2 hold for bothmatrices, the perturbation

bound for matrix square roots used there gives ∥Ωn(θ0)
−1/2Ω

1/2
X,n−I∥ p−→ 0. Slutsky’s theorem then

yields

Ωn(θ0)
−1/2(θn − θ0)

d−→ N(0, I).

Slutsky applies at this last step, unlike at the first, because the multiplying object is a ratio of two

versions of the same covariance matrix rather than a product of distinct matrices, so that whatever

drift the score covariance exhibits affects both and cancels.

Determining the convergence rate.

Now, the focus is on determining the convergence rate of the estimator θn. I have established be-

fore that Hn(θ0) = O(mnpn) = O(n4pn). The key remaining component is to establish the order

ofΥn(θ0) = O(n6pn). Intuitively, it follows as:

Var(Sn(θ0)) = E[Sn(θ0)Sn(θ0)
′]

= E

 ∑
σ∈Nmn

sσ(θ0)

 ∑
σ′∈Nmn

sσ′(θ0)


=

∑
σ∈Nmn

∑
σ′∈Nmn

E
[
sσ(θ0)sσ′(θ0)

′] (29)

From the conditional independence structure, the intermediate result 4, and the results in Step 2,

the leading temof the variance is composed by pairs of quadruples that share one dyad in common,
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since for pairs sharing no dyads in common, E [sσ(θ0)sσ′(θ0)
′] = 0. There are O(n6) of such pairs,

and each contributes O(pn) to the variance, leading to the rate of convergence above.

To understand why each pair sharing a dyad in common contributes O(pn) to the variance,

first, remember the expression for the summands of the score function, for a quadruple σ =

{(i, j), (i, j′) , (i′, j) , (i′, j′)} is given by

sσ(θ0) = rσ
[
1 {zσ = 1}

(
1− F

(
r′σθ0

))
− 1 {zσ = −1}F

(
r′σθ0

)]
.

Note further that:

Var(sσ(θ0)) = E[sσ(θ0)sσ(θ0)′ | 1{zσ ∈ {−1, 1}}]× Pr(zσ ∈ {−1, 1})

Such that: (i) if zσ = 1 : sσ(θ0) = rσ (1− F (r′σθ0)); and (ii) if zσ = −1 : sσ(θ0) = −rσF (r′σθ0).

Since 0 < F (x) < 1 for the logistic function, both (1− F )2 ≤ 1 and F 2 ≤ 1. Therefore:

∥sσ(θ0)∥2 = ∥rσ∥2 ×


(1− F (r′σθ0))

2 if zσ = 1

F (r′σθ0)
2 if zσ = −1

Such that:

E[∥sσ(θ0)∥2 | zσ ∈ {−1, 1}] ≤ E[∥rσ∥2]×O(1) = O(1)

by Assumption 3.3 (bounded second moments of covariates). Given this result, it follows that:

∥Var(sσ(θ0))∥ ≤ E
[
∥sσ(θ0)∥2

]
= O(1)× Pr (zσ ∈ {−1, 1}) = O (pσ)

leading to the expression
√

∥Var(sσ(θ0))∥ = O
(√

pσ
)
. Going back to the expression of the variance

of the scores, given by Equation 29, by an application of the Cauchy-Schwarz inequality:

Var(Sn(θ0)) = E[Sn(θ0)Sn(θ0)
′]

= E

 ∑
σ∈Nmn

sσ(θ0)

 ∑
σ′∈Nmn

sσ′(θ0)


=

∑
σ∈Nmn

∑
σ′∈Nmn

E
[
sσ(θ0)sσ′(θ0)

′]
=

∑
σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}E
[
sσ(θ0)sσ′(θ0)

′]
=

∑
σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}Cov(sσ(θ0), sσ′(θ0))

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}∥Cov(sσ(θ0), sσ′(θ0))∥
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≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}
√
∥Var(sσ(θ0))∥

√
∥Var(sσ′(θ0))∥

=
∑

σ∈Nmn

√
∥Var(sσ(θ0))∥

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}
√
∥Var(sσ′(θ0))∥

=
∑

σ∈Nmn

O(
√
pσ)

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}O(
√
pσ′)

= O(n6pn) (30)

Where 1{dyads(σ) ∩ dyads(σ′) ̸= ∅} denotes if quadruples σ and σ′ share a dyad in common.

The final equality follows from analysing the two sums separately. First, focusing on the term∑
σ∈Nmn

√
∥Var (sσ(θ0))∥ =

∑
σ∈Nmn

O
(√

pσ
)
. By Jensen’s inequality (since square root is con-

cave) 1
mn

∑
σ

√
pσ ≤

√
1

mn

∑
σ pσ =

√
pn, and therefore

∑
σ∈Nmn

√
pσ ≤ mn

√
pn = O

(
n4√pn

)
.

For the term
∑

σ′∈Nmn
1{dyads(σ)∩dyads(σ′) ̸= ∅}

√
∥Var(sσ′(θ0))∥, note that for any fixed σ,

there areO
(
n2
)
quadruples σ′ sharing a dyadwith σ. Then, similarly, applying Jensen’s inequality

to this subset:
∑

σ′∈Nmn
1{dyads(σ)∩dyads(σ′) ̸= ∅}√pσ′ = O

(
n2√pn

)
. Which leads to the desired

result.

From that, the rate of convergence of the estimator is determined by the order of

Ωn(θ0) = Hn(θ0)
−1Υn(θ0)Hn(θ0)

−1

= Op

(
1

n4pn

)
×Op(n

6pn)×Op

(
1

n4pn

)
= Op

(
1

n2pn

)
(31)

Such that Ωn(θ0)
−1/2 = Op(

√
n2pn), which is asymptotically equivalent to Op(

√
n(n− 1pn)), de-

livering the desired result that ∥θn − θ0∥ = Op

(
1√

n(n−1)pn

)
.

Feasible inference.

The limit distribution derived above uses the infeasible normalizationΩn(θ0). Replacing θ0 by the

estimator relies on the following results:

1. The stochastic equicontinuity bound for theHessian established in Step 3, which gives (mnpn)
−1∥Hn(θ1)−

Hn(θ2)∥ ≤ Op(1)∥θ1 − θ2∥ uniformly over Θ, so that, combined with the consistency of θn,

(mnpn)
−1∥Hn(θn)−Hn(θ0)∥

p−→ 0.

2. The corresponding bound for the score covariance at its own scale, (n6pn)
−1∥Υn(θ1)−Υn(θ2)∥ ≤

Op(1)∥θ1 − θ2∥, obtained by the same argument, so that (n6pn)
−1∥Υn(θn)−Υn(θ0)∥

p−→ 0.

3. The consistency of θn
p−→ θ0 (Theorem 1).
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By Assumption 3.6, item 2 above, and Weyl’s inequality

λmin

[
(n6pn)

−1Υn(θn)
]
≥ c− op(1) ≥ c/2

withprobability approaching one, so thatΥn(θn) is positive definite and ∥Υn(θn)
−1∥ = Op((n

6pn)
−1).

For the Hessian, Assumption 3.4 states that limn→∞(mnpn)
−1E(Hn(θ0)) has maximal rank. This

limit is negative semidefinite, being the limit of negative semidefinite matrices, and therefore neg-

ative definite; equivalently,− limn→∞(mnpn)
−1E(Hn(θ0)) is positive definite, with smallest eigen-

value cH > 0. By the pointwise convergence of the normalized Hessian established in Step 3,

together with m∗
n/(mnpn)

p−→ 1 from the proof of Theorem 1, item 1, and Weyl’s inequality,

λmin

[
−(mnpn)

−1Hn(θn)
]
≥ cH − op(1) ≥ cH/2

with probability approaching one, so thatHn(θn) is invertible and ∥(mnpn)Hn(θn)
−1∥ = Op(1).

The feasible sandwich matrix Ωn(θn) is therefore positive definite with probability approach-

ing one, so that Ωn(θn)
−1/2 is well defined and the required matrix inversions are valid. Writing

the common scale (n(n− 1)pn)
−1 explicitly, it cancels in the ratioΩn(θn)

−1/2Ωn(θ0)
1/2, and items

1 and 2 together with the eigenvalue bounds give ∥Ωn(θn)
−1/2Ωn(θ0)

1/2 − I∥ p−→ 0. By Slutsky’s

theorem, the limit distribution of the estimator can therefore be restated as:

Ωn(θn)
−1/2(θn − θ0)

d−→ N(0, I)

The proof of Theorem 2 is thus complete.

Appendix D Sparsity Conditions: Detailed Derivations

This appendix collects the derivations supporting the sparsity conditions and parameterization

discussed in Subsection 3.1. Appendix D.1 derives the relations qn,y ∼ √
pn,y in the left tail and

1− qn,y ∼ √
pn,y in the right tail, from which the rate restrictions on the estimable threshold range

follow. Appendix D.2 analyzes how heterogeneity patterns shape the admissible range of |gy(n)|.

Appendix D.1 Asymptotic Relations Between pn,y and qn,y

Following Jochmans (2018), consider sequences of fixed effects where αi,y and γj,y tend to −∞, so

that the probability of falling below the threshold y vanishes (the left tail of the distribution). With

covariates of bounded support, the expected fraction of informative quadruples satisfies

pn,y ∼
(∑n

i=1 e
αi,y

n

)2(∑n
i=1 e

γi,y

n

)2
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as n increases, by the exponential tails of the logistic distribution. Moreover, it follows that

qn,y ∼
∑n

i=1 e
αi,y

n
·
∑n

i=1 e
γi,y

n
,

so that qn,y ∼ √
pn,y in the left tail.

Jochmans (2018) notes that networkswithmany ones (when qn,y → 1) are equally challenging.

In the DR setting, this case is often equally or more relevant. When outcomes are bounded below

at zero with positive support, the left tail becomes irrelevant, and the constraint on the estimable

range of thresholds comes from the right tail. By the logistic symmetry, the same structure holds

in the right tail, when fixed effects tend to +∞ as n grows:

pn,y ∼
(∑n

i=1 e
−αi,y

n

)2(∑n
i=1 e

−γi,y

n

)2

,

with 1− qn,y ∼ √
pn,y. Therefore, the rate at which pn,y shrinks follows the same structure in both

tails: whether the fixed effects tend to −∞ or +∞, reduced variation in the indicators generates

fewer informative quadruples.

The relations qn,y ∼ √
pn,y and 1−qn,y ∼ √

pn,y in the left and right tails, respectively, combined

with the condition npn,y → ∞ yield rate restrictions on the estimable thresholds:
√
n qn,y → ∞ in

the left tail, and
√
n (1− qn,y) → ∞ in the right tail. These conditions illustrate that accessing very

extreme quantiles requires larger samples, regardless of the distribution of node heterogeneity.

Appendix D.2 Heterogeneity Patterns and the Admissible Range of |gy(n)|

The condition npn,y → ∞ can be rewritten as A2
n,yG

2
n,y/n

3 → ∞, by defining An,y =
∑n

i=1 e
αi,y

and Gn,y =
∑n

j=1 e
γj,y in the left tail (where αi,y, γi,y → −∞), and An,y =

∑n
i=1 e

−αi,y and

Gn,y =
∑n

j=1 e
−γj,y in the right tail (where αi,y, γi,y → +∞). In both cases, the condition requires

A2
n,yG

2
n,y/n

3 → ∞, placing a lower bound on how fast An,y and Gn,y can shrink as n → ∞.

Under the parameterization αi,y = an,i gy(n) and γj,y = bn,j gy(n) of Subsection 3.1, the behav-

ior of An,y and Gn,y is governed by gy(n) jointly with the heterogeneity sequences an,i and bn,j .

As |gy(n)| grows, that is, as the threshold moves into a sparser region, the fixed effects are driven

toward ±∞, so that An,y and Gn,y, being sums of e±an,igy(n) and e±bn,jgy(n), shrink toward zero.

For the condition A2
n,yG

2
n,y/n

3 → ∞ to hold, the shrinkage of An,y and Gn,y cannot be too fast; the

largest |gy(n)| for which the condition still holds therefore depends on the heterogeneity pattern.

The link probability satisfies qn,y ∼ (An,y/n)(Gn,y/n), so different heterogeneity patterns yield

different levels of qn,y for the same gy(n). Since An,y and Gn,y are sums of the convex transfor-
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mations a 7→ ea gy(n) and b 7→ eb gy(n) of the heterogeneity sequences, Jensen’s inequality implies

that, for a fixed mean, greater dispersion in an,i and bn,j yields larger An,y and Gn,y for the same

gy(n). The condition A2
n,yG

2
n,y/n

3 → ∞ therefore continues to hold at larger |gy(n)|, so the largest

admissible |gy(n)| is larger under more dispersed heterogeneity.

Both qn,y and pn,y are population quantities determined by the fixed effects, hence by an,i, bn,j ,

and gy(n) through An,y andGn,y, so the identification condition is ultimately a restriction on these

primitives. It nonetheless admits a characterization in the link probability alone. From the relations

in Appendix D.1, pn,y ∼ q2n,y; since this holds up to constants bounded away from zero and infinity

and npn,y → ∞ is a rate condition, it is equivalent to
√
n qn,y → ∞, giving the estimable range

√
n qn,y → ∞ in the left tail and

√
n (1− qn,y) → ∞ in the right tail. Thus the same restriction has

a clean characterization in the link probability it induces, while its reach in |gy(n)| — established

above— depends on the heterogeneity pattern through the mapping gy(n) 7→ qn,y; the two are not

in tension. Specific parameterization and their implications are explored in Section 5.

Appendix E Proof of Theorem 3

Throughout this appendix, threshold-specific objects are indexed by k rather than by yk where this

is more compact; in particular, pn,k ≡ pn,yk denotes the informativeness parameter at threshold yk,

and similarly for the score, Hessian, and covariance blocks.

Set up.

Since the estimation for each threshold is done separately, I start with the first order Taylor ex-

pansions to the first order condition of the log-likelihood optimization problem around the true

values of the parameters. Let y = (y1, ..., yK)′ denote the vector of K ordered thresholds where

y1 < y2 < ... < yK , with each yk ∈ Y (the support of the outcome variable). For each threshold yk,

the parameter vector θyk ∈ Rp represents the p-dimensional coefficient vector at that threshold.

For each threshold k = 1, ...,K:

θn,yk − θyk,0 = −Hn,k(θyk,∗)
−1Sn,k(θyk,0) (32)

where θyk,∗ lies between θn,yk and θyk,0 by the mean value theorem.

I proceed by stacking these K expansions into a single system. Define the stacked parameter

vector θy = (θ′
y1 , ...,θ

′
yK

)′ ∈ RKp and similarly for the estimates and true values:
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
θn,y1 − θy1,0

...

θn,yK − θyK,0


Kp×1

= −


Hn,1(θy1,∗)

−1 0 · · · 0

0 Hn,2(θy2,∗)
−1 · · · 0

...
... . . . ...

0 0 · · · Hn,K(θyK ,∗)
−1


Kp×Kp


Sn,1(θy1,0)

...

Sn,K(θyK,0)


Kp×1

(33)

The block diagonal structure of the Hessian matrix reflects the fact that the log-likelihood at each

threshold is maximized independently, with no cross-threshold restrictions on the parameters.

The matricesHn,k(θyk,∗)
−1 for k = 1, ...,K are the inverse Hessian matrices evaluated at inter-

mediate values θyk,∗. These intermediate values arise from applying the mean value theorem to

the first-order conditions at each threshold separately. Specifically, for each k, the vector θyk,∗ lies

between the true parameter θyk,0 and the estimator θn,yk .

Importantly, these intermediate values are threshold-specific, that is, θy1,∗, ...,θyK ,∗ are gener-

ally all different because they come from separate Taylor expansions of the first-order conditions

for each threshold. Since θn,yk
p−→ θyk,0 for each k = 1, ...,K by the consistency established in

Theorem 1, it follows that θyk,∗
p−→ θyk,0 as n → ∞.

This convergence, combined with the stochastic equicontinuity bound for the normalized Hes-

sian established in the proof of Theorem 2, gives (mnpn,yk)
−1∥Hn,k(θyk,∗) −Hn,k(θyk,0)∥

p−→ 0 for

each k, so that, on the event where the matrices are invertible, eachHn,k(θyk,∗)
−1 may be replaced

byHn,k(θyk,0)
−1 up to a remainder that is negligible at the block-specific scale. Invertibility at each

of these arguments follows from the eigenvalue floor on the normalized Hessian established in the

proof of Theorem 2, applied threshold by threshold, together with the same equicontinuity bound.

This substitution is valid simultaneously for allK thresholds.

Note that it is also equivalent to write this expression as:


θn,y1 − θy1,0

...

θn,yK − θyK,0

 = −


Hn,1(θy1,0) 0 · · · 0

0 Hn,2(θy2,0) · · · 0
...

... . . . ...

0 0 · · · Hn,K(θyK ,0)



−1
Sn,1(θy1,0)

...

Sn,K(θyK,0)

 (34)

This equivalence will be useful when defining the joint Hessian matrix compactly.

Notice that the joint distribution of the estimators at different thresholds will be driven by the

joint distributions of their score vectors. Let θy,0 = (θ′
y1,0

, ...,θ′
yK ,0)

′ denote the stacked true pa-
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rameter vector, and write Hn,y(θy,0) := diag (Hn,1(θy1,0), . . . ,Hn,K(θyK ,0)) for the joint Hessian.

The joint score covariance matrix is:

Υn,y(θy,0) =


Υn,11(θy1,0) Υn,12(θy1,0,θy2,0) · · · Υn,1K(θy1,0,θyK ,0)

Υn,21(θy2,0,θy1,0) Υn,22(θy2,0) · · · Υn,2K(θy2,0,θyK ,0)
...

... . . . ...

Υn,K1(θyK ,0,θy1,0) Υn,K2(θyK ,0,θy2,0) · · · Υn,KK(θyK ,0)


Kp×Kp

where each block is given by

Υn,kl(θyk ,θyl) =

n∑
i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16×
[
sk(σ{i, i′; j, j′};θyk)sl(σ{i, i

′′; j, j′′};θyl)
′
]
,

(35)

withΥn,kl(θyk,0,θyl,0) = Υn,lk(θyl,0,θyk,0)
′ by symmetry. The index restrictions i′′ ̸= i′ and j′′ ̸= j′

ensure that the two quadruples share only the dyad (i, j). The joint sandwich variance matrix is:

Ωn,y(θy,0) = H−1
n,y(θy,0)Υn,y(θy,0)H

−1
n,y(θy,0)

′

Which delivers the following expression:

Ωn,y(θy,0) =


[Ωn,y]11 [Ωn,y]12 · · · [Ωn,y]1K

[Ωn,y]21 [Ωn,y]22 · · · [Ωn,y]2K
...

... . . . ...

[Ωn,y]K1 [Ωn,y]K2 · · · [Ωn,y]KK


where each block is given by:

[Ωn,y(θy,0)]kl = Hn,k(θyk,0)
−1Υn,kl(θyk,0,θyl,0)Hn,l(θyl,0)

−1

The diagonal blocks [Ωn,y(θy,0)]kk = Hn,k(θyk,0)
−1Υn,kk(θyk,0)Hn,k(θyk,0)

−1 are the threshold-

specific sandwich variances from the single-threshold case. The off-diagonal blocks [Ωn,y(θy,0)]kl

for k ̸= l capture the cross-threshold dependence, where Υn,kl(θyk,0,θyl,0) is the covariance be-

tween the score vectors at thresholds yk and yl.

Recall also the score-rate matrix Dn,y = diag
(
(n6pn,1)

1/2Ip, . . . , (n
6pn,K)1/2Ip

)
introduced in

Section 4.1, where n6pn,k is the order of the score covariance at threshold yk established in Ap-

pendix C, arising from the O(n6) pairs of quadruples sharing exactly one dyad, each contributing
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O(pn,k). The cross-threshold score covariance blocks are of order n6√pn,kpn,l, as derived in the

convergence-rate calculation below. Consequently, a linear combination
∑

k c
′
kSn,k has variance

of order n6
∑K

k=1

∑K
l=1 ∥ck∥∥cl∥

√
pn,kpn,l, which depends on the thresholds on which c loads. No

single scalar rate normalizes the joint object, and the matrix Dn,y is used below to normalize the

joint score covariance blockwise.

Following the same approach as in the single-threshold case, I establish the joint limit distri-

bution by first obtaining the limit distribution of the normalized stacked score vector, and then

transferring it to the estimator through the stacked mean-value expansion in (34). Because the

blocks converge at different rates, the normalization is carried out block by block. The goal is to

establish parts (i)–(iii) of Theorem 3: the joint Gaussian approximation for the coordinatewise

studentized estimators, the limit distribution of fixed studentized linear combinations, and the χ2

limit of the Wald statistic.

Similarly to before, the proof proceeds in different steps:

Step 1. Establish the joint asymptotic equivalence between the score vectors and their projections

across all K thresholds. Specifically, characterize the joint projections Vn,k(θyk,0) for k = 1, ...,K,

and show that the stacked score vector (S′
n,1, ...,S

′
n,K)′ is asymptotically equivalent to the stacked

projection vector (V ′
n,1, ...,V

′
n,K)′.

Step 2. Obtain the joint limit distribution of the projections by applying the Cramér-Wold theorem

across thresholds and a conditional version of Lyapunov’s CLT, express this limit under the block-

rate normalization by the conditional covariance matrixΥX,y, and transfer it from the projections

to the stacked score.

Step 3. Combine the results from Steps 1 and 2 with the stacked mean-value expansion of the

first-order conditions around the true values to obtain the joint Gaussian approximation for the

studentized estimators.

Step 4. Determine the threshold-specific convergence rates from the block orders of the joint sand-

wich covariance.

Step 5. Establish that the plug-in covariance may replace the truth-evaluated one, and derive parts

(i)–(iii) of Theorem 3.

The cross-threshold block orders of the score covariance are derived in Step 4; they are used

earlier in the proof, where they are cited as established there. The diagonal blocks and the Hessian

orders are inherited from the single-threshold case.
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Step 1.

Given K thresholds y = (y1, ..., yK)′, recall that our model allows for threshold-varying fixed ef-

fects, where αi,yk and γj,yk can differ across thresholds. Define the threshold-specific information

sets Fn,k = {{xij}n,n, {αi,yk}n, {γj,yk}n} for k = 1, ...,K.

The projection of the score at threshold yk, evaluated at the true parameters, is given by:

Vn,k(θyk,0) =

n∑
i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E(sk(σ{i, i′; j, j′};θyk,0) | ỹk,ij ,Fn,k)

=

n∑
i=1

∑
j ̸=i

vk,ij(θyk,0) (36)

where vk,ij(θyk,0) =
∑

i′ ̸=i,j

∑
j′ ̸=i,j,i′ E(sk(σ{i, i′; j, j′};θyk,0) | ỹk,ij ,Fn,k) and ỹk,ij = 1{yij ≤ yk}

is the binary indicator at threshold yk.

The stacked projection vector for all K thresholds is:

Vn,y(θy,0) =


Vn,1(θy1,0)

...

Vn,K(θyK,0)

 =
n∑

i=1

∑
j ̸=i


v1,ij(θy1,0)

...

vK,ij(θyK,0)

 (37)

Note that the intermediate results 1-4 hold for all thresholds. Furthermore, intermediate results 3

and 4 are extended to the joint threshold setting.

Intermediate result 3’.

Because link decisions are conditionally independent across dyads given the information sets, for

any pair of thresholds k, l ∈ {1, ...,K}:

E
[
vk,ij

(
θyk,0

)
vl,i′j′

(
θyl,0

)′]
= E

[
E
[
vk,ij

(
θyk,0

)
vl,i′j′

(
θyl,0

)′ | Fn,k,Fn,l

]]
= E

[
E
[
vk,ij

(
θyk,0

)
| Fn,k,Fn,l

]
E
[
vl,i′j′

(
θyl,0

)
| Fn,k,Fn,l

]′]
= 0

unless i = i′ and j = j′.

The main difference here with respect to intermediate result 3 is that the conditioning is done

on both information sets. Moreover, this result takes into account that when i = i′ and j = j′, the

projections at different thresholds are correlated because: (i) they depend on the same underlying

outcome yij , such that naturally, the idiosyncratic error terms for a dyad across different thresholds

can be correlated; (ii) the binary indicators ỹk,ij and ỹl,ij are related by monotonicity (if yk < yl,
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then ỹk,ij = 1 =⇒ ỹl,ij = 1); (iii) the fixed effects may be correlated across thresholds (e.g., αi,yk

and αi,yl can be dependent). This cross-threshold correlation for the same dyad is precisely what

generates the off-diagonal blocksΥkl in the joint covariance matrix.

Intermediate result 4’.

From the conditional independence of links, it follows that for anypair of thresholds k, l ∈ {1, ...,K}:

E
[
sk,σ

(
θyk,0

)
sl,σ′

(
θyl,0

)′]
= E

[
E
[
sk,σ

(
θyk,0

)
sl,σ′

(
θyl,0

)′ | Fn,k,Fn,l

]]
= 0

unless σ and σ′ share at least one dyad in common.

When σ and σ′ share exactly one dyad in common, the cross-threshold covariance is non-zero

because both score contributions depend on the same underlying continuous outcome yij for that

shared dyad. This cross-dependence at the score level, aggregated over all quadruple pairs sharing

dyads, contributes to the off-diagonal blockΥkl in the joint score covariance matrix.

In order to establish the asymptotic equivalence between the vector of scores and the vector of

projections, I establish that:

lim
n→∞

Υ
−1/2
y E




Vn,1(θy1,0)− Sn,1(θy1,0)
...

Vn,K(θyK,0)− Sn,K(θyK,0)




Vn,1(θy1,0)− Sn,1(θy1,0)
...

Vn,K(θyK,0)− Sn,K(θyK,0)


′Υ

−1/2′
y = 0 (38)

whereΥy is the (Kp)× (Kp) joint population covariance matrix of the projections with blocks:

Υy =


Υ11 Υ12 · · · Υ1K

Υ21 Υ22 · · · Υ2K

...
... . . . ...

ΥK1 ΥK2 · · · ΥKK


The diagonal blocks Υkk denote the population variance of the projection for threshold yk,

which were defined previously. The off-diagonal blocksΥkl = E[Vn,k(θyk,0)Vn,l(θyl,0)
′] denote the

population covariance between projections at thresholds yk and yl, with Υkl = Υ′
lk.

Using the intermediate result 3’, the expression for the covariance matrix can be further pinned

down. For any pair of thresholds k, l ∈ {1, ...,K}:

Υkl = E[Vn,k(θyk,0)Vn,l(θyl,0)
′]
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=

n∑
i=1

∑
j ̸=i

E[vk,ij(θyk,0)vl,ij(θyl,0)
′]

=

n∑
i=1

∑
j ̸=i

E
[ ∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

E[sk(σ{i, i′; j, j′},θyk,0) | ỹk,ij ,Fn,k]

∑
i′′ ̸=i,j

∑
j′′ ̸=i,j,i′′

E[sl(σ{i, i′′; j, j′′},θyl,0) | ỹl,ij ,Fn,l]
′
]

=
n∑

i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j

∑
j′′ ̸=i,j,i′′

E
[
E[sk(σ{i, i′; j, j′},θyk,0) | ỹk,ij ,Fn,k]

E[sl(σ{i, i′′; j, j′′},θyl,0) | ỹl,ij ,Fn,l]
′
]

(39)

This expression holds for allK(K+1)/2 unique blocks of the symmetric covariancematrixΥy,

withΥkl = Υ′
lk. Once again, due to the same reasoning as before, we can focus on the leading term

of this covariance. The leading term arises from quadruples at thresholds k and l that share exactly

one dyad in common, analogous to the single-threshold case. Thus, for any pair k, l ∈ {1, ...,K}:

Υkl,ℓ =
n∑

i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
E[sk(σ{i, i′; j, j′},θyk,0) | ỹk,ij ,Fn,k]

E[sl(σ{i, i′′; j, j′′},θyl,0) | ỹl,ij ,Fn,l]
′
]

=
n∑

i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
E[sk(σ{i, i′; j, j′},θyk,0)

sl(σ{i, i′′; j, j′′},θyl,0) | ỹk,ij ,Fn,k, ỹl,ij ,Fn,l]
′
]

=
n∑

i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
sk(σ{i, i′; j, j′},θyk,0)sl(σ{i, i

′′; j, j′′},θyl,0)
′
]

(40)

where the condition i′′ ̸= i′ and j′′ ̸= j′, i′′ ensures that the quadruplesσ{i, i′; j, j′} andσ{i, i′′; j, j′′}

share only the dyad (i, j) in common,making themconditionally independent given (ỹk,ij , ỹl,ij ,Fn,k,Fn,l).

This conditional independence is crucial for the second equality above.

Collecting these blocks gives the leading term of the joint projection covariance,

Υℓ,y =


Υ11,ℓ Υ12,ℓ · · · Υ1K,ℓ

Υ21,ℓ Υ22,ℓ · · · Υ2K,ℓ

...
... . . . ...

ΥK1,ℓ ΥK2,ℓ · · · ΥKK,ℓ

 ,

which is used here only to identify the leading covariance blocks and their factor-of-16 relationwith

the score covariance, established next. Formal nondegeneracy of the joint covariance is imposed
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in Assumption 4.1, and its implications for the joint projection covariance are established in Step 2;

the normalizations byΥ
−1/2
y used below are well defined on that basis for sufficiently large n.

The next step is to show that the leading term of the covariancematrix of the scores is asymptot-

ically the same as the leading term of the covariancematrix for the projections given above. For any

pair of thresholds k, l ∈ {1, ...,K}, the covariance of the scores is given by E[Sn,k(θyk,0)Sn,l(θyl,0)
′].

Following intermediate result 4’, the leading term comprises pairs of quadruples (one at thresh-

old k, one at threshold l) sharing exactly one dyad in common. In the projection covarianceΥkl,ℓ,

the shared dyad (i, j) is fixed in the first sender-receiver position for both thresholds. In the score

covariance, this shared dyad can appear in any of the 4 possible positions within each quadruple.

Since there are 4 positions for threshold k and 4 positions for threshold l, there are 4 × 4 = 16

configurations that map to each term in the projection. Therefore, the leading term of the score

covariance is:

Υkl,sℓ =
n∑

i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

16× E
[
sk(σ{i, i′; j, j′},θyk,0)sl(σ{i, i

′′; j, j′′},θyl,0)
′
]

(41)

Thus, Υkl,sℓ = 16 × Υkl,ℓ for all pairs (k, l), maintaining the same relationship between score

and projection covariances as in the single-threshold case. This holds for both diagonal blocks

(k = l) and off-diagonal blocks (k ̸= l).

Two results follow immediately:

Υ
−1/2
y E




Vn,1(θy1,0)
...

Vn,K(θyK,0)




Vn,1(θy1,0)
...

Vn,K(θyK,0)


′Υ

−1/2′
y = IKp + o(1) (42)

Υ
−1/2
y E




S̃n,1(θy1,0)
...

S̃n,K(θyK,0)




S̃n,1(θy1,0)
...

S̃n,K(θyK,0)


′Υ

−1/2′
y = IKp + o(1) (43)

where, analogously to the single-threshold case, S̃n,k(θyk,0) = 1
4Sn,k(θyk,0) for k = 1, ...,K are

rescaled scores such that the factor of 16 is absorbed. Standard asymptotic equivalence follows

directly. Note that this rescaling is merely for computational convenience, since the original vector

of scores and projections remain asymptotically equivalent after proper normalization.
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From analogous arguments, for any pair k, l ∈ {1, ...,K}:

E[Sn,k(θyk,0)Vn,l(θyl,0)
′] =

n∑
i=1

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
4× sk(σ{i, i′; j, j′},θyk,0)E[sl(σ{i, i

′′; j, j′′},θyl,0) | ỹl,ij ,Fn,l]
′
]

(44)

Applying the same reasoning as before:

Υ
−1/2
y E




S̃n,1(θy1,0)
...

S̃n,K(θyK,0)




Vn,1(θy1,0)
...

Vn,K(θyK,0)


′Υ

−1/2′
y = IKp + o(1) (45)

And, analogously:

Υ
−1/2
y E




Vn,1(θy1,0)
...

Vn,K(θyK,0)




S̃n,1(θy1,0)
...

S̃n,K(θyK,0)


′Υ

−1/2′
y = IKp + o(1) (46)

This proves the asymptotic equivalence result for allK thresholds simultaneously. This estab-

lishes that the leading terms of the score and projection covariance matrices are proportional, with

Υs,y = 16×Υy. For every fixed pair of thresholds (yk, yl), configurations inwhich the two quadru-

ples share more than one dyad have at most five free node indices and therefore number O(n5),

with aggregate contribution O(n5) by Cauchy–Schwarz and the moment bounds of Assumption

3.5. The leading (k, l) block scale being n6√pn,kpn,l, as established in the convergence-rate calcula-

tion below, these configurations are negligible:

O(n5)

n6√pn,kpn,l
= O

(
1√

(npn,k)(npn,l)

)
= o(1)

by Assumption 3.4. Thus the one-shared-dyad blocks are the leading blocks at their threshold-

specific rates, and the normalized scores and normalized projections converge to the same limiting

distribution (after accounting for the scaling factor). This asymptotic equivalence allows us to

work with either the scores or projections for establishing the joint limiting distribution across all

K thresholds.

Step 2.

Conditional joint covariance and the score-projection bridge.
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Recall that vk,ij(θyk,0) for k = 1, ...,K are zero mean random vectors of dimension p, indepen-

dent across dyads (i, j) conditional on the sequence of covariates and fixed effects. Define the joint

information set:

Fn,y = {{xij}n,n, {αi,y1}n, {γj,y1}n, ..., {αi,yK}n, {γj,yK}n}

which contains all covariates and the fixed effects at allK thresholds.

Define the conditional joint covariance matrix with blocks. For the diagonal blocks:

ΥX,kk =
n∑

i=1

∑
j ̸=i

E
(
vk,ij(θyk,0)vk,ij(θyk,0)

′ | Fn,y

)
, k = 1, ...,K (47)

And for the off-diagonal blocks:

ΥX,kl =

n∑
i=1

∑
j ̸=i

E
(
vk,ij(θyk,0)vl,ij(θyl,0)

′ | Fn,y

)
, k ̸= l (48)

ΥX,lk = Υ′
X,kl (49)

Let ΥX,y denote the full (Kp) × (Kp) conditional joint covariance matrix with blocks [ΥX,y]kl =

ΥX,kl. Assumption 4.1 imposes an eigenvalue floor on the block-normalized sample covariancema-

trixD−1
n,yΥn,y(θy,0)D

−1
n,y. The floor will be carried to the two other covariance matrices used in the

proof âĂŤ the conditional matrixΥX,y, which normalizes the projections in the conditional central

limit theorem below, and the population matrixΥy, which normalizes the asymptotic equivalence

result of Step 1. The first ingredient is the joint analogue of the score–projection covariance bridge:∥∥∥D−1
n,y

[
Υn,y(θy,0)− 16ΥX,y

]
D−1

n,y

∥∥∥ p−→ 0. (50)

The argument to show that the above holds is the one used in Appendix C, applied to each block. It

has two parts. First, the index restrictions i′′ ̸= i′ and j′′ ̸= j′ in (35) ensure that the two quadruples

share only the dyad (i, j), so that the conditional independence used in the derivation ofΥkl,ℓ above

gives, by iterated expectations,

E
[
Υn,kl(θyk,0 ,θyl,0) | Fn,y

]
= 16ΥX,kl

up to the configurations excluded by these restrictions, which numberO(n5) and contributeOp(n
5)

in aggregate. Second,Υn,kl concentrates around this conditionalmean: givenFn,y, each summand

depends only on the outcomes of the dyads in its two quadruples, and these are independent across

dyads, so two summands are conditionally uncorrelated unless their configurations share a dyad.
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There are O(n10) such pairs, each contributing O(1) in expectation under Assumption 3.5, so a

conditional Chebyshev inequality gives a deviation of order Op(n
5). Dividing both parts by the

block scale n6√pn,kpn,l makes them op(1) by Assumption 3.4, and since K is fixed, blockwise con-

vergence gives convergence of the full matrix.

Eigenvalue transfers.

Assumption 4.1, (50) and Weyl’s inequality then imply, by the same transfer argument used in

Appendix C with pre- and post-multiplication byD−1
n,y in place of the scalar normalization,

λmin

(
D−1

n,yΥX,yD
−1
n,y

)
≥ cy

16
− op(1)

with probability approaching one, where the factor 1/16 arises because 1
16Υn,y(θy,0) is the matrix

comparable toΥX,y. Let c0 > 0 be any constant with c0 < cy/16, so that the op(1) term is eventually

dominated. Then ΥX,y is positive definite with probability approaching one, and substituting

a = Dn,yc in the quadratic-form version of the eigenvalue bound gives, for every nonzero c ∈ RKp,

c′ΥX,yc ≥ c0∥Dn,yc∥2 > 0 (51)

with probability approaching one. This is the form required for the Cramér-Wold argument below,

since c′ΥX,yc is the conditional variance of the linear combination Wn(θy,0), and it demonstrates

that this variance is bounded below at the rate determined by the blocks on which c loads. Since

∥Dn,yc∥2 =
∑K

k=1 n
6pn,k∥ck∥2 ≥ n6(mink pn,k)∥c∥2, (51) implies λmin(ΥX,y) ≥ c0n

6mink pn,k, so

thatΥX,y is invertible and ∥Υ−1/2
X,y ∥2 ≤ (c0n

6mink pn,k)
−1, both with probability approaching one.

In the other direction, ∥ΥX,y∥ = Op(1), since each block of ΥX,y is of order n6√pn,kpn,l by the

leading-term calculations of Step 1 andK is fixed.

Taking expectations as in the pointwise proof, the normalized populationmatrixD−1
n,yΥyD

−1
n,y,

whereΥy = E[ΥX,y],is positive definite for sufficiently large n, which justifies the normalizations

by Υ
−1/2
y used in Step 1; moreover ∥D−1

n,yΥyD
−1
n,y∥ = O(1), since each block of Υy is of order

n6√pn,kpn,l by the leading-term calculations of Step 1 andK is fixed.

Conditional central limit theorem.

Joint asymptotic normality is established by applying the Cramér-Wold theorem to the standard-

ized stacked projection. By (51),ΥX,y is invertible with probability approaching one, so

Zn,y := Υ
−1/2
X,y Vn,y(θy,0) =

n∑
i=1

∑
j ̸=i

Υ
−1/2
X,y vij,y, vij,y :=

(
v1,ij(θy1,0)

′, . . . ,vK,ij(θyK,0)
′)′ ,
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is well defined. Standardizing by the conditional covariance of the vector itself gives, exactly,

Var(Zn,y | Fn,y) = Υ
−1/2
X,y ΥX,yΥ

−1/2
X,y = IKp,

so the threshold-specific scales of the covariance blocks are absorbed without any further normal-

ization at this stage.

For any non-zero vector a = (a′
1, ...,a

′
K)′ ∈ RKp, where each ak ∈ Rp, consider the scalar linear

combination

Wn(θy,0) = a′Zn,y =

n∑
i=1

∑
j ̸=i

wij , wij = a′Υ
−1/2
X,y vij,y. (52)

Since ΥX,y is Fn,y-measurable and, conditional on Fn,y, each vij,y is a function of yij alone, the

scalars wij are independent across dyads conditional on Fn,y, with zero mean by intermediate

result 1 and

Var(Wn | Fn,y) =
n∑

i=1

∑
j ̸=i

Var(wij | Fn,y) = a′Var(Zn,y | Fn,y)a = ∥a∥2. (53)

The conditional fourth-moment Lyapunov condition for these summands can be verified directly

from the definition of the projections. The condition to be established is

Ln :=

∑n
i=1

∑
j ̸=i E

[
|wij |4 | Fn,y

](∑n
i=1

∑
j ̸=iVar(wij | Fn,y)

)2 p−→ 0,

which requires that no single dyad contribute a non-negligible share of the total variation, and

which implies the conditional Lindeberg condition. By the variance identity above, the denomina-

tor equals ∥a∥4, so it remains to bound the numerator.

By the Cauchy–Schwarz inequality and submultiplicativity of the operator norm,

|wij |4 ≤ ∥a∥4 ∥Υ−1/2
X,y ∥4 ∥vij,y∥4,

where both factors preceding ∥vij,y∥4 are Fn,y-measurable and therefore pass outside the con-

ditional expectation. The factor ∥a∥4 cancels against the denominator, so the resulting bound is

uniform in a and the condition needs to be verified only once rather than separately for each di-

rection.

For the stacked projection, note that ∥vij,y∥ ≤
∑K

k=1 ∥vk,ij(θyk,0)∥. With Nmn,ij as in Ap-

pendix C, the envelope inequality established there, applied threshold by threshold, gives

∥vij,y∥ ≤
K∑
k=1

∑
σ∈Nmn,ij

∥rσ∥.
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Raising this bound to the fourth power and applying the power-mean inequality (
∑M

m=1 am)4 ≤

M3
∑M

m=1 a
4
m twice, once to the sum over theK thresholds and once to the sum overNmn,ij , gives

∥vij,y∥4 ≤ CK |Nmn,ij |3
∑

σ∈Nmn,ij

∥rσ∥4 = O(n6)
∑

σ∈Nmn,ij

∥rσ∥4,

where CK depends only on K and |Nmn,ij | = O(n2). The inner sum has O(n2) terms, each with

uniformly bounded fourth moment under Assumption 3.5, so its expectation is O(n2) and each

dyad contributes O(n8). Summing over the O(n2) dyads gives an unconditional expectation of

order n10, and Markov’s inequality then yields
n∑

i=1

∑
j ̸=i

E
[
∥vij,y∥4 | Fn,y

]
= Op(n

10).

For the normalizing factor, since ΥX,y is symmetric and positive definite with probability ap-

proaching one, ∥Υ−1/2
X,y ∥4 = λmin(ΥX,y)

−2, and the eigenvalue bound λmin(ΥX,y) ≥ c0n
6mink pn,k

established above gives

∥Υ−1/2
X,y ∥4 ≤

(
c0n

6min
k

pn,k

)−2

with probability approaching one. Combining the two bounds,

Ln = Op

(
n10

(c0n6mink pn,k)
2

)
= Op

([
nmin

k
pn,k

]−2
)

−→ 0,

since npn,k → ∞ at every included threshold by Assumption 3.4, and hence also for the minimum

over the finitely many thresholds.

A conditional version of the Lyapunov CLT (see, e.g., Rao (2009)) therefore gives

Wn(θy,0) = a′Zn,y
d−→ N(0, ∥a∥2) (54)

conditional onFn,y. Since the limit does not depend on the conditioning variables, the convergence

also holds unconditionally, and since it holds for every fixed non-zero a ∈ RKp, the Cramér-Wold

theorem implies

Υ
−1/2
X,y Vn,y(θy,0)

d−→ N(0, IKp). (55)

Normalization by the score covariance and passage to the score.

The limit obtained above is stated for the projection, normalized by Υ
−1/2
X,y . Two changes remain:

the normalizer must be written in a form compatible with the bound available from Step 1, and the

projection must then be replaced by the stacked score.
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The difficulty is that Step 1 bounds the remainder Un,y under the normalization by Υ
−1/2
y ,

the population matrix, while the limit above is normalized by Υ
−1/2
X,y . Passing from one to the

other requires bounding the productΥ−1/2
X,y Υ

1/2
y , and by submultiplicativity of the operator norm,

together with ∥A−1/2∥ = λmin(A)−1/2 and ∥A1/2∥ = λmax(A)1/2 for symmetric positive definite

A, ∥∥∥Υ−1/2
X,y Υ

1/2
y

∥∥∥2 ≤ λmax(Υy)

λmin(ΥX,y)
.

The two extreme eigenvalues sit at opposite ends of the block scales. Both matrices have (k, l)

blocks of order n6√pn,kpn,l, so a unit vector loading only on the block with the largest sparsity

parameter gives a quadratic form of order n6maxk pn,k, while one loading only on the smallest

gives n6mink pn,k; since λmax is the supremum of the quadratic form over unit vectors and λmin the

infimum, the displayed ratio is of ordermaxk pn,k/mink pn,k. This is bounded only if the threshold-

specific sparsity rates are restricted relative to one another, which the framework does not assume:

convergence and boundedness of each block at its own scale say nothing about the ratio between

scales.

The solution is towrite the normalizer in a form that separates the scales from thewell-conditioned

factors. Denote the block-rate-normalized conditional covariance by

ΥX,y := D−1
n,yΥX,yD

−1
n,y,

and, for any positive definiteM , define the rate-adapted normalizing matrix

CDn,y(M) :=
(
D−1

n,yMD−1
n,y

)−1/2
D−1

n,y = M
−1/2

D−1
n,y,

which satisfies CDn,y(M)M CDn,y(M)′ = IKp. All rate heterogeneity is carried by the determin-

istic diagonal matrix Dn,y, while M
−1/2 acts on a matrix whose eigenvalues are bounded above

and below by constants, by the eigenvalue transfers established above. Bounds obtained with this

normalizer therefore have constants depending only on c0, with no dependence on the relative

sparsity rates.

Both CDn,y(ΥX,y) andΥ
−1/2
X,y standardize Vn,y(θy,0) conditionally on Fn,y, so

On,y := CDn,y(ΥX,y)Υ
1/2
X,y

satisfies On,yO
′
n,y = IKp and is therefore orthogonal. It is also Fn,y-measurable, being a function

of ΥX,y and Dn,y alone. Since an orthogonal transformation that is fixed given the conditioning
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variables leaves a conditionally standard normal vector standard normal, the conditional limit es-

tablished above also holds with CDn,y(ΥX,y) in place ofΥ−1/2
X,y :

CDn,y(ΥX,y)Vn,y(θy,0)
d−→ N(0, IKp).

It remains to extend this from the projection to the score. Write S̃n,y(θy,0) =
1
4Sn,y(θy,0) for the

rescaled stacked score, which places it on the same scale as the projection, andUn,y = S̃n,y(θy,0)−

Vn,y(θy,0) for the remainder. Factorizing so that Step 1’s bound can be applied,

CDn,y(ΥX,y)Un,y =
[
CDn,y(ΥX,y)Υ

1/2
y

] [
Υ

−1/2
y Un,y

]
,

where the first bracket satisfies∥∥∥CDn,y(ΥX,y)Υ
1/2
y

∥∥∥2 ≤ ∥∥∥Υ−1/2
X,y

∥∥∥2 ∥∥D−1
n,yΥyD

−1
n,y

∥∥ = Op(1)

by the eigenvalue floor on ΥX,y and the operator-norm bound on D−1
n,yΥyD

−1
n,y, both established

above. This is where the factorization is used: withΥ
−1/2
X,y in place of CDn,y(ΥX,y) the same bound

would carry the ratio of sparsity rates described above. For the second bracket, combining the

four normalized second-moment results of Step 1 gives Υ−1/2
y E[Un,yU

′
n,y]Υ

−1/2
y = o(1), so that

Υ
−1/2
y Un,y = op(1) by Markov’s inequality. The product is therefore op(1).

Since S̃n,y = Vn,y +Un,y, and since CDn,y(cM) = c−1/2CDn,y(M) for scalar c > 0 gives

CDn,y(16ΥX,y)Sn,y(θy,0) = CDn,y(ΥX,y) S̃n,y(θy,0),

so that the factor 4 arising from the normalizer cancels against the factor 1/4 in the rescaled score,

dBL

(
L
(
CDn,y(16ΥX,y)Sn,y(θy,0)

∣∣Fn,y

)
, N(0, IKp)

) p−→ 0. (56)

The limitingdistribution here is fixed, so this is conditional convergence in distribution; the bounded–

Lipschitz form is used because the corresponding statement in Step 3 has a target that varieswith n.

Step 3.

Joint limit distribution.

The joint Gaussian approximation of Theorem 3 follows by combining the stacked mean-value ex-

pansion (34) with (56). The expansion is an algebraic identity: it writes the estimation error as the

score premultiplied by the inverse Hessian. Obtaining the limit for the studentized estimator from

that of the score therefore requires multiplying by a matrix that combines the inverse Hessian with
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the normalization of the score covariance, denoted LX,y below and constructed with the normal-

izer CDn,y of Step 2, so that (56) can be used as it stands. What shapes the argument is the mode

of convergence.

Slutsky’s theorem would apply if LX,y were deterministic, or converged in probability to a

constant. It is neither: built from the score covariance, it is not independent of the standardized

score it multiplies, so orthogonality alone does not preserve the limit. A deterministic counterpart

would suffice and would not need to converge, but obtaining one would require the conditional

score covariance to concentrate around its unconditional mean, which Assumption 4.1 does not

deliver: it bounds the normalized score covariance away from degeneracy without restricting its

behaviour across n. Such a condition would in any case concern the off-diagonal blocks, which

describe which quadruples are informative at two thresholds at once, and would therefore restrict

the joint design rather than each threshold separately.

Rather than restrict the design in this way, the argument proceeds conditionally onFn,y, where

LX,y is fixed, exactly as in the single-threshold case of Appendix C; no limit for the score covari-

ance is required in either. What differs is the normalization of the conclusion. Theorem 2 is stated

with the full sandwich normalizationΩn(θn)
−1/2, so its target isN(0, Ip) and the conditional state-

ment lifts unconditionally. Part (i) here studentizes only by the diagonal σn,y(θn,y), retaining the

cross-threshold correlations, so the target isN(0,Pn,y(θn,y)) and varies with n; the corresponding

fully normalized statement is available, and is what parts (ii) and (iii) below use, but the remark

following (59) explains why it is not the form the simultaneous bands require.

This requires every object enteringLX,y to beFn,y-measurable, which is why the realized Hes-

sian is replaced by its conditional expectation below, and why the standard errors used to studen-

tize are computed from the resulting conditional sandwich covariance. These conditional quanti-

ties do not appear in the final result: in the inference discussion below they are replaced by their

feasible counterparts, computed at the estimator, which yields the form stated in Theorem 3(i).

Conditional sandwich covariance and Hessian bounds.

LetHX,y := E[Hn,y(θy,0) | Fn,y], which is block diagonal since estimation is carried out separately

at each threshold, and define the Fn,y-measurable sandwich covariance

ΩX,y := H−1
X,y (16ΥX,y)H

−1
X,y, (57)

togetherwithσX,y, the diagonalmatrix of square roots of its diagonal entries, andPX,y := σ−1
X,yΩX,yσ

−1
X,y.
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ThematrixΩX,y is the conditional counterpart of the sandwich covariance, σX,y collects the corre-

sponding standard errors, and PX,y collects the conditional correlations between the studentized

estimators across thresholds and covariates, given Fn,y. It is the correlation structure of the Gaus-

sian approximation established below, and the object whose feasible counterpart determines the

simultaneous critical value in Section 4.1.

The variance bound for the Hessian established in Step 3 of Appendix C applies to HX,y as

well. Writing Hab for an entry ofHn,y(θy,0), the law of total variance gives

Var(Hab) = Var (E[Hab | Fn,y])︸ ︷︷ ︸
entry ofHX,y

+E [Var(Hab | Fn,y)]︸ ︷︷ ︸
residual

,

and both terms are non-negative, so each is bounded by Var(Hab). In particular, the expected

conditional variance, which is the secondmoment of the corresponding entry ofHn,y(θy,0)−HX,y,

is bounded byVar(Hab). For the block at threshold yk this is of order n3mnpn,k by the calculation in

Step 3 of Appendix C, and since the dimension is fixed the same order holds for the matrix norms.

Markov’s inequality therefore gives∥∥E−1
n,y [Hn,y(θy,0)−HX,y]E

−1
n,y

∥∥ p−→ 0, En,y := diag
(
(n4pn,1)

1/2Ip, . . . , (n
4pn,K)1/2Ip

)
.

This is what allows the realized Hessian in (34) to be replaced byHX,y.

SinceDn,y = nEn,y, settingGn,y := Q−1
n,yH

−1
X,yDn,y, definition (57) gives

Q−1
n,yΩX,yQ

−1
n,y = Gn,y

[
16ΥX,y

]
G′

n,y.

Since Q−1
n,y = (κn/n)En,y and Dn,y = nEn,y, with κn = [(n − 1)/n]1/2 → 1, this is Gn,y =

κnEn,yH
−1
X,yEn,y, so the bounds below on the normalized conditional Hessian are exactly two-

sided bounds onGn,y, and the normalizations are matched so that the rates cancel in every block.

For the conditionalHessian, the rank condition ofAssumption 3.4 applied at each threshold bounds

the normalized limit of E[Hn,k(θyk,0)] away from singularity; the pointwise convergence estab-

lished in Step 3 of Appendix C transfers this to Hn,k(θyk,0), and the equation above transfers it

in turn to HX,y, in each case by Weyl’s inequality; the maintained moment bounds give the cor-

responding upper bound. The floor gives ∥En,yH
−1
X,yEn,y∥ = Op(1) and the upper bound gives

∥E−1
n,yHX,yE

−1
n,y∥ = Op(1), and hence two-sided bounds on Gn,y. For the middle factor, the floor

and the upper bound on ΥX,y established above apply. Hence there are constants 0 < cΩ < CΩ <

∞with

cΩIKp ⪯ Q−1
n,yΩX,yQ

−1
n,y ⪯ CΩIKp, Qn,y := diag

(
[n(n− 1)pn,1]

−1/2Ip, . . . , [n(n− 1)pn,K ]−1/2Ip

)
,
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with probability approaching one. Since A ⪯ B means a′Aa ≤ a′Ba for every a ∈ RKp, taking

a = ej and using thatQn,y is diagonal, so thatQ−1
n,yej = [Qn,y]

−1
jj ej , gives, for each j = 1, . . . ,Kp,

cΩ ≤
[ΩX,y]jj
[Qn,y]2jj

≤ CΩ,

so that the diagonal entries ofσX,y are positive andof the threshold-specific order [n(n−1)pn,k]
−1/2.

Define the diagonal matrix ∆n,y by

[∆n,y]jj :=
[σX,y]jj
[Qn,y]jj

, j = 1, . . . ,Kp,

so that σX,y = Qn,y∆n,y and∆n,y collects the ratios of the standard errors to their nominal rates.

Since [σX,y]
2
jj = [ΩX,y]jj , the equation above states that [∆n,y]

2
jj ∈ [cΩ, CΩ], so that the entries of

∆n,y lie in [c
1/2
Ω , C

1/2
Ω ]. Since

PX,y = σ−1
X,yΩX,yσ

−1
X,y = ∆−1

n,y

[
Q−1

n,yΩX,yQ
−1
n,y

]
∆−1

n,y,

it follows that, for any unit vector a,

a′PX,ya ≥ cΩ∥∆−1
n,ya∥2 ≥

cΩ
CΩ

,

so that λmin(PX,y) ≥ cΩ/CΩ > 0.

The matrix PX,y therefore varies with n but remains in a fixed set of correlation matrices

bounded away from singularity. This is what allows the arguments below to proceed without a

limiting correlation matrix. It is used twice: in the inference discussion, where the replacement of

PX,y by its feasible counterpart relies on the Gaussian law being Lipschitz in its correlation matrix,

which holds uniformly only away from singularity; and in the passage from the bounded–Lipschitz

approximation to the rectangular coverage probability underlying the simultaneous critical value

of Section 4.2.

Linear representation and Gaussian approximation.

Combining (34), (56) and the Hessian results above, the studentized estimator admits the linear

representation

σ−1
X,y (θn,y − θy,0) = LX,y CDn,y(16ΥX,y)Sn,y(θy,0) + op(1), (58)

where the remainder collects the replacement of the intermediate values θyk,∗ by θyk,0 in the ex-

pansion and the replacement of the realized Hessian by HX,y, both negligible at the block scales
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established above, and where

LX,y := σ−1
X,yH

−1
X,y CDn,y(16ΥX,y)

−1 .

Since CDn,y(16ΥX,y)
−1CDn,y(16ΥX,y)

−1′ = 16ΥX,y, it follows from (57) that LX,yL
′
X,y = PX,y,

so that ∥LX,y∥2 ≤ tr(PX,y) = Kp.

By (56), the standardized score

Wn,y := CDn,y(16ΥX,y)Sn,y(θy,0)

satisfies dBL (L(Wn,y | Fn,y), N(0, IKp))
p−→ 0, and by (58) the studentized estimator is obtained

from it as

σ−1
X,y (θn,y − θy,0) = LX,yWn,y + op(1).

Two properties of LX,y transfer the approximation from the score to the estimator. First, it is Fn,y-

measurable, hence a fixed matrix given the conditioning, so that for any f with ∥f∥∞ ≤ 1 and

Lip(f) ≤ 1 the composition f ◦ LX,y satisfies ∥f ◦ LX,y∥∞ ≤ 1 and Lip(f ◦ LX,y) ≤ ∥LX,y∥; since

∥LX,y∥2 ≤ Kp,

dBL (L(LX,yWn,y | Fn,y), L(LX,yZ | Fn,y)) ≤ max
(
1, (Kp)1/2

)
dBL (L(Wn,y | Fn,y), N(0, IKp))

p−→ 0,

where Z ∼ N(0, IKp). Second, LX,yZ ∼ N(0,LX,yL
′
X,y) = N(0,PX,y), so the transformed target

is the required Gaussian law.

Finally, the op(1) remainder in the linear representation is absorbed. Write TX
n,y := σ−1

X,y(θn,y −

θy,0) for the studentized estimator and Rn := min(∥TX
n,y − LX,yWn,y∥, 2). Let f satisfy ∥f∥∞ ≤ 1

and Lip(f) ≤ 1. The Lipschitz property gives |f(TX
n,y) − f(LX,yWn,y)| ≤ ∥TX

n,y − LX,yWn,y∥,

while boundedness gives |f(TX
n,y) − f(LX,yWn,y)| ≤ 2. The difference is therefore bounded by

Rn, which does not depend on f . Taking conditional expectations and the supremum over such f ,

dBL

(
L
(
σ−1
X,y(θn,y − θy,0) | Fn,y

)
, L (LX,yWn,y | Fn,y)

)
≤ E [Rn | Fn,y] .

Since Rn ≤ 2 and Rn
p−→ 0 by the linear representation, for any ε > 0

E[Rn] ≤ ε+ 2Pr(Rn > ε) −→ ε,

so that E[Rn] → 0; the truncation is what rules out a vanishing-probability event with a large value

keeping the mean away from zero. By the law of iterated expectations and Markov’s inequality,

Pr (E[Rn | Fn,y] > ε) ≤ E[Rn]

ε
−→ 0,
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so that E[Rn | Fn,y] = op(1). Combining this with the bound on the transformed law and the

identification of the transformed target, the triangle inequality for dBL gives

dBL

(
L
(
σ−1
X,y(θn,y − θy,0) | Fn,y

)
, N(0,PX,y)

)
p−→ 0. (59)

This establishes the joint Gaussian approximation underlying Theorem 3(i), stated here with the

conditional quantities; the replacement by their feasible counterparts is carried out in the inference

discussion below, where parts (ii) and (iii) are also derived from (59).

Whitening by P
−1/2
X,y would deliver a fixed limit: since PX,y has eigenvalues bounded away

from zero, P−1/2
X,y σ−1

X,y(θn,y − θy,0)
d−→ N(0, IKp) holds, and parts (ii) and (iii) below are of ex-

actly this whitened form, which is why their limits are fixed. It is not, however, the form required

by the simultaneous bands of Section 4.2. Those bands are rectangles in the coordinates of θy:

sets defined by one constraint per coefficient, which is what makes them readable threshold by

threshold and invertible into statements about individual coefficients. A diagonal transformation

such as σ−1
X,y rescales each constraint without mixing coordinates and therefore maps rectangles

to rectangles. The matrix P
−1/2
X,y is not diagonal, so under it each constraint becomes a bound on

a linear combination of coefficients across thresholds, and the resulting region says nothing about

any individual θyk,d.

The cross-threshold dependence is not eliminated by whitening; it is moved. The hypotheses

of interest, and the coefficients the bands report, remain in the original coordinates, so the depen-

dence reappears as soon as the whitened statement is inverted back into a statement about θy. In

the sup-t construction that dependence is instead priced in the critical value, which is computed

from Pn,y(θn,y) and falls towards z1−α/2 when the estimates are highly correlated across nearby

thresholds; this is the source of the gains over Bonferroni-type constructions noted in Section 4.2.

Studentizing by σX,y removes the threshold-specific scales, which would otherwise make the co-

ordinates incomparable, and leaves the correlations available to be priced. The coordinatewise

statement with a correlation matrix varying in n is therefore the form the bands require.

Step 4.

Convergence rates.

The next step is to determine the convergence rate, given by the order of Ωn,y(θy,0). The or-

der of the diagonal blocks Hn,k(θyk,0)
−1 are given by the single-threshold case and are of or-

der Op(1/(n
4pn,k)) for k = 1, ...,K. Similarly, the order of the diagonal blocks of Υn,y(θy,0) are
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Op(n
6pn,k) for each k.

I now establish the order of the off-diagonal blocks. For any pair k, l ∈ {1, ...,K}with k ̸= l, by

an application of the Cauchy-Schwarz inequality:

Cov(Sn,k(θyk,0),Sn,l(θyl,0)) = E[Sn,k(θyk,0)Sn,l(θyl,0)
′]

= E

 ∑
σ∈Nmn

sk,σ(θyk,0)

 ∑
σ′∈Nmn

sl,σ′(θyl,0)


=

∑
σ∈Nmn

∑
σ′∈Nmn

E[sk,σ(θyk,0)sl,σ′(θyl,0)
′]

=
∑

σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}Cov(sk,σ(θyk,0), sl,σ′(θyl,0))

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}∥Cov(sk,σ(θyk,0), sl,σ′(θyl,0))∥

≤
∑

σ∈Nmn

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}
√

∥Var(sk,σ(θyk,0))∥
√

∥Var(sl,σ′(θyl,0))∥

=
∑

σ∈Nmn

√
∥Var(sk,σ(θyk,0))∥

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}
√
∥Var(sl,σ′(θyl,0))∥

=
∑

σ∈Nmn

O(
√
pk,σ)

∑
σ′∈Nmn

1{dyads(σ) ∩ dyads(σ′) ̸= ∅}O(
√
pl,σ′)

= O(n6√pn,kpn,l) (60)

where each quadruple at threshold yk has informativeness probability pk,σ = Pr(zk,σ ∈ {−1, 1} |

αk, γk), and pn,k = 1
mn

∑
σ∈Nmn

Pr(zk,σ ∈ {−1, 1} | αk, γk). The final result follows from the same

combinatorial reasoning as in the single-threshold case.

From the above analysis, the block orders of the joint sandwich covariance can be determined,

and they are consistent with the threshold-specific rates of Theorem 2. For the diagonal blocks,

where k = 1, ...,K:

[Ωn,y(θy,0)]kk = Hn,k(θyk,0)
−1Υn,kk(θyk,0)Hn,k(θyk,0)

−1 (61)

= Op

(
1

n4pn,k

)
×Op(n

6pn,k)×Op

(
1

n4pn,k

)
= Op

(
1

n2pn,k

)
(62)

which is asymptotically equivalent to Op(
√
n(n− 1)pn,k) and therefore consistent with the rate

obtained in Theorem 2 at each threshold. For the off-diagonal blocks, where k ̸= l:

[Ωn,y(θy,0)]kl = Hn,k(θyk,0)
−1Υn,kl(θyk,0 ,θyl,0)Hn,l(θyl,0)

−1 (63)

= Op

(
1

n4pn,k

)
×Op(n

6√pn,kpn,l)×Op

(
1

n4pn,l

)
(64)
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= Op

(
1

n2√pn,kpn,l

)
(65)

The off-diagonal orders imply that the correlation between the estimators at thresholds yk and

yl,
[Ωn,y(θy,0)]kl√

[Ωn,y(θy,0)]kk[Ωn,y(θy,0)]ll
= Op(1),

is of order one whatever the relative magnitudes of pn,k and pn,l, since the geometric-mean scal-

ing of the off-diagonal blocks cancels against the diagonal ones. The cross-threshold dependence

therefore does not vanish under rate heterogeneity.

The joint Gaussian approximation of Theorem 3(i) accommodates these heterogeneous rates

through the block structure of the sandwich covariance.

Step 5.

Feasible inference.

For inference, the joint asymptotic variance is estimated using the plug-in estimator:

Ωn,y(θn,y) = Hn,y(θn,y)
−1Υn,y(θn,y)Hn,y(θn,y)

−1.

Replacing θy,0 by the estimator relies on the following results:

1. The stochastic equicontinuity bound for the Hessian established in Step 3 of Appendix C, ap-

plied to eachdiagonal block, which togetherwith consistency gives (mnpn,k)
−1∥Hn,k(θn,yk)−

Hn,k(θyk,0)∥
p−→ 0 for each k.

2. The corresponding bound for the score covariance blocks, established below, giving ∥D−1
n,y[Υn,y(θn,y)−

Υn,y(θy,0)]D
−1
n,y∥

p−→ 0.

3. The consistency of θn,yk
p−→ θyk,0 for each k (Theorem 1).

Item 2 follows from a stochastic equicontinuity bound for Υn,kl(·, ·), defined in (35), at the

block scale. These covariance estimators depend on estimators that may converge at different rates

when pn,k ̸= pn,l; the bound below is established for all pairs k, l ∈ {1, ...,K}.

Stochastic equicontinuity.

For any (θk,1,θl,1), (θk,2,θl,2) ∈ Θ×Θ, applying the product rule to each summand and the mean

value theorem to each score difference (as in Step 3 of Appendix C for the Hessian), and using the

bounds
∥∥∥∂sk
∂θ′

∥∥∥ ≤ ∥rσ∥2 supε∈R |f(ε)|·1{zk,σ ∈ {−1, 1}} and ∥sl(σ′;θl,1)∥ ≤ ∥rσ′∥·1{zl,σ′ ∈ {−1, 1}}:
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∥Υn,kl(θk,1,θl,1)−Υn,kl(θk,2,θl,2)∥

≤ 16 sup
ε∈R

|f(ε)|

∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

∥rσ∥2∥rσ′∥1{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}


× ∥θk,1 − θk,2∥

+ 16 sup
ε∈R

|f(ε)|

∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

∥rσ∥∥rσ′∥21{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}


× ∥θl,1 − θl,2∥ (66)

where σ = σ{i, i′; j, j′} and σ′ = σ{i, i′′; j, j′′}. Denote the first bracketed sum by B
(1)
n,kl. Note

that supε∈R |f(ε)| is a finite constant, since the logistic density f(ε) = F (ε)(1 − F (ε)) attains its

maximum of 1/4 at ε = 0. Leading to the expression:

∥Υn,kl(θk,1,θl,1)−Υn,kl(θk,2,θl,2)∥
n6√pn,kpn,l

≤ 16 sup
ε∈R

|f(ε)|

 B
(1)
n,kl

n6√pn,kpn,l

 ∥θk,1 − θk,2∥+ 16 sup
ε∈R

|f(ε)|

 B
(2)
n,kl

n6√pn,kpn,l

 ∥θl,1 − θl,2∥ (67)

for any (θk,1,θl,1), (θk,2,θl,2) ∈ Θ×Θ. Using the same arguments as those used to establish Theo-

rem 1 it follows that:

(
n6√pn,kpn,l

)−1
B

(1)
n,kl = Op(1) (68)

The proof proceeds in formally showing this statement. By Chebyshev’s inequality:

Pr

∣∣∣∣∣∣ B
(1)
n,kl

n6√pn,kpn,l
− E

 B
(1)
n,kl

n6√pn,kpn,l

∣∣∣∣∣∣ > ε

 ≤
Var

(
B

(1)
n,kl

)
(n6√pn,kpn,l)2ε2

(69)

I proceed with bounding the expectation:

E
[
B

(1)
n,kl

]
=
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

E
[
∥rσ∥21{zk,σ ∈ {−1, 1}} · ∥rσ′∥1{zl,σ′ ∈ {−1, 1}}

]
≤
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

√
E [∥rσ∥41{zk,σ ∈ {−1, 1}}]

·
√

E
[
∥rσ′∥21{zl,σ′ ∈ {−1, 1}}

]
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≤ C ′′
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

√
pk,σ · √pl,σ′

= C ′′
∑
i

∑
j ̸=i

∑
i′ ̸=i,j

∑
j′ ̸=i,j,i′

√
pk,σ

 ∑
i′′ ̸=i,j,i′

∑
j′′ ̸=i,j,j′,i′′

√
pl,σ′


= O

(
n6√pn,k pn,l

)
(70)

whereC ′′ < ∞ is a finite constant. The first inequality follows from the Cauchy-Schwarz inequality

applied to each summand. The second inequality follows from the conditional expectation decom-

position (as in equation (C.14)): E
[
∥rσ∥41{zk,σ ∈ {−1, 1}}

]
= E

[
∥rσ∥4 | zk,σ ∈ {−1, 1}

]
·Pr(zk,σ ∈

{−1, 1}) ≤ C ′ · pk,σ, where C ′ < ∞ since the conditional expectation is uniformly bounded

by Assumption 3.5; similarly E
[
∥rσ′∥21{zl,σ′ ∈ {−1, 1}}

]
≤ C ′′′ · pl,σ′ for some finite constant

C ′′′ < ∞. The fourth line separates the 6-fold sum into two factors sharing the dyad (i, j). The

final equality follows from Jensen’s inequality (since
√
· is concave):

∑
i′,j′

√
pk,σ ≤ O(n2√pn,k)

and
∑

i′′,j′′
√
pl,σ′ ≤ O(n2√pn,l), multiplied by O(n2) choices for (i, j), following the same argu-

ment as in equations (C.1) and (C.20). Therefore:

E

 B
(1)
n,kl

n6√pn,kpn,l

 = O(1) (71)

Next, I proceed with bounding the variance. Let ξ = (i, j, i′, j′, i′′, j′′) index a position in the

6-fold sum, determining the pair of quadruples σ = σ{i, i′; j, j′} and σ′ = σ{i, i′′; j, j′′} sharing

dyad (i, j). Denote:

Aξ = ∥rσ∥2∥rσ′∥1{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}−E
[
∥rσ∥2∥rσ′∥1{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}

]
and write 1{ξ ∩ ξ′ ̸= ∅} to indicate that the node sets of ξ and ξ′ share at least one node. Then:

Var
(
B

(1)
n,kl

)
= E

∣∣∣∣∣∣
∑
ξ

Aξ

∣∣∣∣∣∣
2

= E

∑
ξ

Aξ

∑
ξ′

Aξ′


=
∑
ξ

∑
ξ′

1
{
ξ ∩ ξ′ ̸= ∅

}
Cov

(
∥rσ∥2∥rσ′∥1{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}},

∥rσ1∥2∥rσ′
1
∥1{zk,σ1 ∈ {−1, 1}}1{zl,σ′

1
∈ {−1, 1}}

)
≤
∑
ξ

∑
ξ′

1
{
ξ ∩ ξ′ ̸= ∅

} ∣∣Cov (∥rσ∥2∥rσ′∥1{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}},
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∥rσ1∥2∥rσ′
1
∥1{zk,σ1 ∈ {−1, 1}}1{zl,σ′

1
∈ {−1, 1}}

)∣∣∣
≤
∑
ξ

∑
ξ′

1
{
ξ ∩ ξ′ ̸= ∅

}√
E
[
∥rσ∥4∥rσ′∥21{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}

]
×
√

E
[
∥rσ1∥4∥rσ′

1
∥21{zk,σ1 ∈ {−1, 1}}1{zl,σ′

1
∈ {−1, 1}}

]
≤ B′

∑
ξ

∑
ξ′

1
{
ξ ∩ ξ′ ̸= ∅

}
(pk,σ pl,σ′)1/4 · (pk,σ1 pl,σ′

1
)1/4

= O
(
n11√pn,k pn,l

)
(72)

where B′ < ∞ is a finite constant. The third equality follows since 6-tuples involving entirely dis-

tinct sets of nodes are independent by Assumption 1, contributing zero to the covariance. The sec-

ond inequality follows from the Cauchy-Schwarz inequality and Var(X) ≤ E[X2], using 1{zk,σ ∈

{−1, 1}}2 = 1{zk,σ ∈ {−1, 1}}. The third inequality follows from the conditional expectation de-

composition applied to the joint event:

E
[
∥rσ∥4∥rσ′∥21{zk,σ ∈ {−1, 1}}1{zl,σ′ ∈ {−1, 1}}

]
= Pr

(
zk,σ ∈ {−1, 1}, zl,σ′ ∈ {−1, 1}

)
· E
[
∥rσ∥4∥rσ′∥2 | zk,σ ∈ {−1, 1}, zl,σ′ ∈ {−1, 1}

]
≤ √

pk,σ pl,σ′ · C ′′′′ (73)

where C ′′′′ < ∞ is a finite constant bounding the conditional expectation (which is uniformly

bounded since E
[
∥rσ∥4∥rσ′∥2

]
≤ C6 < ∞ by Hölder’s inequality with exponents 3/2 and 3:

E[∥rσ∥4∥rσ′∥2] ≤ (E[∥rσ∥6])2/3(E[∥rσ′∥6])1/3, which is finite by Assumption 3.5); and the joint

probability is bounded by the Cauchy-Schwarz inequality: Pr(zk,σ ∈ {−1, 1}, zl,σ′ ∈ {−1, 1}) ≤√
Pr(zk,σ ∈ {−1, 1}) Pr(zl,σ′ ∈ {−1, 1}) = √

pk,σ pl,σ′ .

The final order O(n11√pn,k pn,l) follows from the same reasoning as in the proof of Theorem 1

and equations (C.15)–(C.18), by applying Jensen’s inequality to the sums over ξ and ξ′ separately:

there are O(n6) 6-tuples ξ, and for each fixed ξ, there are O(n5) 6-tuples ξ′ with ξ ∩ ξ′ ̸= ∅ (each ξ

involves 6 nodes; sharing one node leaves 5 free indices).

Furthermore:

Var
(
B

(1)
n,kl

)
(n6√pn,kpn,l)2

=
O(n11√pn,k pn,l)

n12pn,kpn,l
= O

(
1

n
√
pn,k pn,l

)
→ 0 (74)

since npn,k → ∞ for all k by Assumption 3.4, which implies n√pn,k pn,l ≥ nmink pn,k → ∞.
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Conclusion for stochastic equicontinuity. Gathering these results, byChebyshev’s inequality, (n6√pn,kpn,l)
−1B

(1)
n,kl =

Op(1). By symmetry in the roles of k and l, the same holds forB(2)
n,kl. Because supε∈R |f(ε)| is a finite

constant, it follows that:

∥Υn,kl(θk,1,θl,1)−Υn,kl(θk,2,θl,2)∥
n6√pn,kpn,l

≤ Op(1) (∥θk,1 − θk,2∥+ ∥θl,1 − θl,2∥) (75)

for any (θk,1,θl,1), (θk,2,θl,2) ∈ Θ × Θ, with the Op(1) constant not depending on the parameter

values. Thus, the normalized Υn,kl is stochastically equicontinuous over the product parameter

space.

Since θn,yk
p−→ θyk,0 for each k by Theorem 1, the stochastic equicontinuity bound gives, for

every pair (k, l),
∥Υn,kl(θn,yk ,θn,yl)−Υn,kl(θyk,0 ,θyl,0)∥

n6√pn,kpn,l

p−→ 0,

and sinceK is fixed this is item 2 above.

Eigenvalue bounds at the estimator.

By Assumption 4.1, item 2 above, and Weyl’s inequality,

λmin

(
D−1

n,yΥn,y(θn,y)D
−1
n,y

)
≥ cy − op(1) ≥ cy/2

withprobability approaching one, so thatΥn,y(θn,y) is positive definite and ∥Dn,yΥn,y(θn,y)
−1Dn,y∥ =

Op(1). For the Hessian, the rank condition of Assumption 3.4 applied at each threshold, together

with item 1 and the argument of the Feasible inference passage of Appendix C applied block-

wise, gives ∥(mnpn,k)Hn,k(θn,yk)
−1∥ = Op(1) for each k. The feasible sandwich matrix Ωn,y(θn,y)

is therefore positive definite with probability approaching one, so that the diagonal entries of

σn,y(θn,y) are positive and Pn,y(θn,y) is well defined.

Comparison with the conditional sandwich covariance.

To compare the feasible sandwich matrix with ΩX,y, substitute one factor at a time:

Ωn,y(θn,y)−ΩX,y = Hn,y(θn,y)
−1 [Υn,y(θn,y)− 16ΥX,y]Hn,y(θn,y)

−1

+
[
Hn,y(θn,y)

−1 −H−1
X,y

]
(16ΥX,y)Hn,y(θn,y)

−1

+H−1
X,y (16ΥX,y)

[
Hn,y(θn,y)

−1 −H−1
X,y

]
. (76)
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SinceHn,y is block-diagonal andDn,y, En,y andQn,y act as scalars within each block, each of the

three normalizers commutes withHn,y and with the others, and the three scales are consistent:

Q−1
n,yDn,y = κnE

2
n,y, κn :=

(
n− 1

n

)1/2

−→ 1.

Normalizing (76) by Q−1
n,y on both sides and inserting Dn,yD

−1
n,y around the score covariance in

the first term, and En,yE
−1
n,y around the Hessian differences in the remaining two, gives

Q−1
n,y [Ωn,y(θn,y)−ΩX,y]Q

−1
n,y

= κ2n
[
En,yHn,y(θn,y)

−1En,y

] [
D−1

n,y (Υn,y(θn,y)− 16ΥX,y)D
−1
n,y

] [
En,yHn,y(θn,y)

−1En,y

]
− κ2n

[
En,yHn,y(θn,y)

−1En,y

] [
E−1

n,y (Hn,y(θn,y)−HX,y)E
−1
n,y

] [
En,yH

−1
X,yEn,y

]
×
[
D−1

n,y (16ΥX,y)D
−1
n,y

] [
En,yHn,y(θn,y)

−1En,y

]
− κ2n

[
En,yH

−1
X,yEn,y

] [
D−1

n,y (16ΥX,y)D
−1
n,y

] [
En,yHn,y(θn,y)

−1En,y

]
×
[
E−1

n,y (Hn,y(θn,y)−HX,y)E
−1
n,y

] [
En,yH

−1
X,yEn,y

]
, (77)

where the minus signs in the last two terms come from

Hn,y(θn,y)
−1 −H−1

X,y = −Hn,y(θn,y)
−1 [Hn,y(θn,y)−HX,y]H

−1
X,y,

an exact identity valid whenever both inverses exist, which is used because the results available

bound the difference of the Hessians rather than the difference of their inverses.

Each bracket in (77) is now bounded separately. Two of them contain a difference and are

shown to be negligible; the remaining ones are bounded in probability at their own scales. Be-

cause ΥX,y and HX,y are defined as conditional expectations evaluated at θy,0, while the feasible

matrices are evaluated at θn,y, each of the two differences involves a change of argument and a

change from the realized matrix to its conditional expectation; these are treated in turn.

The score covariance difference. Adding and subtractingΥn,y(θy,0) and applying the triangle inequal-

ity,

∥∥D−1
n,y [Υn,y(θn,y)− 16ΥX,y]D

−1
n,y

∥∥
≤
∥∥D−1

n,y [Υn,y(θn,y)−Υn,y(θy,0)]D
−1
n,y

∥∥︸ ︷︷ ︸
item 2: change of argument

+
∥∥D−1

n,y [Υn,y(θy,0)− 16ΥX,y]D
−1
n,y

∥∥︸ ︷︷ ︸
(50): passage to the conditional matrix

p−→ 0.
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The first term is item 2, established by the stochastic equicontinuity bound forΥn,kl together with

the consistency of θn,yk at each threshold. The second is the joint bridge (50) of Step 2, which

carries the factor 16 becauseΥn,y is defined in (35) with that multiplicity whileΥX,y is built from

the projections and carries none.

The Hessian difference. By the same decomposition, nowwithHn,y(θy,0) as the intermediate matrix,

∥∥E−1
n,y [Hn,y(θn,y)−HX,y]E

−1
n,y

∥∥
≤
∥∥E−1

n,y [Hn,y(θn,y)−Hn,y(θy,0)]E
−1
n,y

∥∥︸ ︷︷ ︸
item 1: change of argument

+
∥∥E−1

n,y [Hn,y(θy,0)−HX,y]E
−1
n,y

∥∥︸ ︷︷ ︸
Step 3: passage to the conditional matrix

p−→ 0.

The first term is item 1, which is the blockwise stochastic equicontinuity bound of Step 3 of Ap-

pendix C combined with consistency; note that E2
n,y has blocks n4pn,k, which is the scale mnpn,k

at which item 1 is stated, up to the factor κ2n. The second term is the law-of-total-variance bound

established earlier in Step 3.

The remaining brackets. The three normalized inverseHessians and the normalized conditional score

covariance are bounded in probability at their own scales:

•
∥∥En,yHn,y(θn,y)

−1En,y

∥∥ = Op(1), by the eigenvalue bound ∥(mnpn,k)Hn,k(θn,yk)
−1∥ = Op(1)

established above, applied blockwise. This is the only bracket evaluated at the estimator.

•
∥∥∥En,yH

−1
X,yEn,y

∥∥∥ = Op(1), shown in Step 3.

•
∥∥D−1

n,y (16ΥX,y)D
−1
n,y

∥∥ = 16
∥∥ΥX,y

∥∥ = Op(1), by the block orders established in Step 2.

Collecting the terms.

Each of the three terms in (77) replaces one factor at a time and therefore contains exactly one

bracket holding a difference of the two matrices being compared: the score covariance difference

in the first term, and the Hessian difference in the second and third, the latter appearing in the

middle through the identity above. Each such bracket is op(1) and every remaining bracket is

Op(1), so submultiplicativity of the operator norm bounds each term by a product of Op(1) factors

and at least one op(1) factor. Summing the three terms,

∥∥Q−1
n,y [Ωn,y(θn,y)−ΩX,y]Q

−1
n,y

∥∥ p−→ 0. (78)

Standard errors and correlations.

Since |e′jAej | ≤ ∥A∥ for any matrix A, and Qn,y is diagonal, so that Q−1
n,yej = [Qn,y]

−1
jj ej , (78)
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gives
[Ωn,y(θn,y)]jj − [ΩX,y]jj

[Qn,y]2jj

p−→ 0, j = 1, . . . ,Kp.

Since [ΩX,y]jj/[Qn,y]
2
jj = [∆n,y]

2
jj ≥ cΩ by Step 3,

[Ωn,y(θn,y)]jj
[ΩX,y]jj

− 1 =
1

[∆n,y]2jj
·
[Ωn,y(θn,y)]jj − [ΩX,y]jj

[Qn,y]2jj

p−→ 0,

uniformly in j sinceKp is fixed. Taking square roots and reciprocals, both continuous at one, gives

[σn,y(θn,y)
−1σX,y]jj

p−→ 1 for each j, and since both matrices are diagonal,

∥∥σn,y(θn,y)
−1σX,y − IKp

∥∥ p−→ 0. (79)

For the correlation matrices, the same one-factor-at-a-time substitution gives

Pn,y(θn,y)− PX,y

= σn,y(θn,y)
−1 [Ωn,y(θn,y)−ΩX,y]σn,y(θn,y)

−1

+
[
σn,y(θn,y)

−1 − σ−1
X,y

]
ΩX,y σn,y(θn,y)

−1

+ σ−1
X,yΩX,y

[
σn,y(θn,y)

−1 − σ−1
X,y

]
. (80)

InsertingQn,yQ
−1
n,y = IKp between adjacent factors, the three terms of (80) become

Pn,y(θn,y)− PX,y

=
[
σn,y(θn,y)

−1Qn,y

] [
Q−1

n,y (Ωn,y(θn,y)−ΩX,y)Q
−1
n,y

] [
Qn,yσn,y(θn,y)

−1
]

+
[(

σn,y(θn,y)
−1 − σ−1

X,y

)
Qn,y

] [
Q−1

n,yΩX,yQ
−1
n,y

] [
Qn,yσn,y(θn,y)

−1
]

+
[
σ−1
X,yQn,y

] [
Q−1

n,yΩX,yQ
−1
n,y

] [
Qn,y

(
σn,y(θn,y)

−1 − σ−1
X,y

)]
. (81)

Every bracket in (81) is now controlled by a result already established, and each term contains

exactly one bracket holding a difference.

For the standard-error factors, σX,y = Qn,y∆n,y gives σ−1
X,yQn,y = ∆−1

n,y, whose entries lie in

[C
−1/2
Ω , c

−1/2
Ω ] by Step 3, so that ∥∆−1

n,y∥ ≤ c
−1/2
Ω . Writing the other two standard-error brackets in

terms of it,

σn,y(θn,y)
−1Qn,y =

[
σn,y(θn,y)

−1σX,y

]
∆−1

n,y,[
σn,y(θn,y)

−1 − σ−1
X,y

]
Qn,y =

[
σn,y(θn,y)

−1σX,y − IKp

]
∆−1

n,y,
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both of which follow from σ−1
X,yQn,y = ∆−1

n,y and are valid in this order because all four matrices

are diagonal. By (79), ∥σn,y(θn,y)
−1σX,y∥ ≤ 1 + op(1) and the bracket in the second equation is

op(1), so ∥∥σn,y(θn,y)
−1Qn,y

∥∥ = Op(1),
∥∥∥[σn,y(θn,y)

−1 − σ−1
X,y

]
Qn,y

∥∥∥ p−→ 0.

For the sandwich factors, ∥Q−1
n,yΩX,yQ

−1
n,y∥ ≤ CΩ by Step 3, and the difference bracket is op(1) by

(78). Each term in (81) is therefore a product of Op(1) factors with one op(1) factor, so

∥Pn,y(θn,y)− PX,y∥
p−→ 0. (82)

Together, (79) and (82) are what permit the conditional quantities of Step 3, which are not

computable, to be replaced by their feasible counterparts: the first says that the feasible standard

errors agree with the conditional ones in ratio, threshold by threshold, and the second that the

feasible correlation matrix, which determines the simultaneous critical value, agrees with the con-

ditional one in norm. Neither requires either matrix to converge; only their difference is controlled.

The three parts of Theorem 3 now follow.

Part (i). Write TX
n,y := σ−1

X,y(θn,y − θy,0) for the studentized estimator built from the conditional

standard errors, so that Tn,y =
[
σn,y(θn,y)

−1σX,y

]
TX
n,y. Their difference is

Tn,y − TX
n,y =

[
σn,y(θn,y)

−1σX,y − IKp

]
TX
n,y = op(1),

by (79) together with the tightness of TX
n,y, which follows from (59) and the bound ∥PX,y∥ ≤ Kp.

The triangle inequality for the bounded–Lipschitz distance then gives

dBL (L (Tn,y | Fn,y) , N (0,Pn,y(θn,y)))

≤ dBL

(
L (Tn,y | Fn,y) ,L

(
TX
n,y | Fn,y

))︸ ︷︷ ︸
(a)

+ dBL

(
L
(
TX
n,y | Fn,y

)
, N (0,PX,y)

)︸ ︷︷ ︸
(b)

+ dBL (N (0,PX,y) , N (0,Pn,y(θn,y)))︸ ︷︷ ︸
(c)

.

Term (a) vanishes by the displayed op(1) bound: for any f with ∥f∥∞ ≤ 1 and Lip(f) ≤ 1, the

difference |f(Tn,y) − f(TX
n,y)| is bounded both by ∥Tn,y − TX

n,y∥ and by 2, hence by the truncated

remainder min(∥Tn,y − TX
n,y∥, 2), which does not depend on f . The argument given at the end of

Step 3 then applies in the same manner in this case, giving dBL
p−→ 0. Term (b) is (59). Term (c)

vanishes because the bounded–Lipschitz distance between mean-zero Gaussian laws is Lipschitz
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in the correlation matrix, with a constant depending only on the smallest eigenvalue through the

square-root perturbation bound used in Step 2, uniformly over correlationmatrices bounded away

from singularity; the floor established in Step 3 applies toPX,y and transfers toPn,y(θn,y) byWeyl’s

inequality and (82), which also supplies the vanishing difference. Hence

dBL (L (Tn,y | Fn,y) , N (0,Pn,y(θn,y)))
p−→ 0,

which is Theorem 3(i).

Part (ii). Fix a non-zero a ∈ RKp and set b := σX,ya, which is non-zero with probability ap-

proaching one since σX,y is invertible by Step 3, so that

a′(θn,y − θy,0)√
a′ΩX,ya

=
b′TX

n,y√
b′PX,yb

, TX
n,y = σ−1

X,y(θn,y − θy,0).

Since b is Fn,y-measurable, the right-hand side is a fixed linear function of TX
n,y given the condi-

tioning, divided by the standard deviation that this function has under the Gaussian approxima-

tion of (59). Writing ℓ(t) := b′t/
√

b′PX,yb for that map, ℓ is linear, so its Lipschitz constant is

∥b∥/
√

b′PX,yb by the Cauchy–Schwarz inequality. Since b′PX,yb ≥ λmin(PX,y)∥b∥2, the norm ∥b∥

cancels and

Lip(ℓ) ≤ λmin(PX,y)
−1/2 ≤ (CΩ/cΩ)

1/2

by the eigenvalue floor of Step 3, a bound not depending on b. Consequently, for any f : R → R

with ∥f∥∞ ≤ 1 and Lip(f) ≤ 1, the function f ◦ ℓ on RKp satisfies ∥f ◦ ℓ∥∞ ≤ 1 and Lip(f ◦ ℓ) ≤

(CΩ/cΩ)
1/2, so the approximation of (59) transfers from the vector to the scalar, as in the treatment

ofLX,y in Step 3. Since a fixed linear function of anN(0,PX,y) vector divided by its own standard

deviation is standard normal, and this limit is fixed,

a′(θn,y − θy,0)√
a′ΩX,ya

d−→ N(0, 1)

conditionally onFn,y. Self-standardization removes the dependence onPX,y: whatever thatmatrix

is, the standardized scalar is standard normal, so the target no longer varies with n and no longer

depends on the conditioning variables. The convergence therefore also holds unconditionally, and

the remaining steps can be carried out without conditioning.

It remains to replaceΩX,y by its feasible counterpart. Applying (78) to the unit vectorQn,ya/∥Qn,ya∥

gives
a′ [Ωn,y(θn,y)−ΩX,y]a

∥Qn,ya∥2
p−→ 0,
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while the lower bounda′ΩX,ya ≥ cΩ∥Qn,ya∥2 follows from the lower bound cΩIKp ⪯ Q−1
n,yΩX,yQ

−1
n,y

of Step 3, evaluated atQn,ya. Dividing the equation above by a′ΩX,ya/∥Qn,ya∥2 ≥ cΩ,

a′Ωn,y(θn,y)a

a′ΩX,ya
− 1

p−→ 0,

and Slutsky’s theorem gives Theorem 3(ii). The bound holds for every a, including those load-

ing on several thresholds, since numerator and denominator are dominated by the same blocks.

Slutsky’s theorem applies here, unlike in the passage from the score to the estimator in Step 3, with-

out requiring the normalized covariance to converge: the multiplying object is a ratio of the same

quadratic form evaluated at θn,y and at θy,0, so that whatever drift the covariance exhibits affects

numerator and denominator alike and cancels. The matrix LX,y in Step 3 is not a comparison of

this kind but a product of distinct matrices, so no such cancellation occurs.

Part (iii). Let R be a fixed q × Kp matrix of full row rank. Pre- and post-multiplying the lower

bound cΩIKp ⪯ Q−1
n,yΩX,yQ

−1
n,y of Step 3 by RQn,y and its transpose gives

RΩX,yR
′ ⪰ cΩ(RQn,y)(RQn,y)

′,

which is positive definite sinceR has full row rank andQn,y is nonsingular, so that (RΩX,yR
′)−1/2

is well defined with probability approaching one. Setting Mn := (RΩX,yR
′)−1/2RQn,y and rear-

ranging the equation above,

RQn,yQn,yR
′ ⪯ c−1

Ω RΩX,yR
′.

Pre- and post-multiplying by (RΩX,yR
′)−1/2 preserves the inequality, since the quadratic form of

each side at any vector becomes the quadratic form at the transformed vector, and givesMnM
′
n ⪯

c−1
Ω Iq, so that ∥Mn∥2 = λmax(MnM

′
n) ≤ c−1

Ω .

By the argument of part (ii), applied to the q-dimensional vector R(θn,y − θy,0) rather than

to a scalar, with the map t 7→ (RΩX,yR
′)−1/2RσX,yt in place of ℓ, whose norm is bounded by

∥Mn∥ ∥Q−1
n,yσX,y∥ = ∥Mn∥ ∥∆n,y∥ ≤ (CΩ/cΩ)

1/2 by Step 3,

ξn :=
(
RΩX,yR

′)−1/2
R(θn,y − θy,0)

d−→ N(0, Iq). (83)

The Wald statistic normalizes byRΩn,y(θn,y)R
′ rather than byRΩX,yR

′. Set

An :=
(
RΩX,yR

′)−1/2 (
RΩn,y(θn,y)R

′) (RΩX,yR
′)−1/2

,

which measures the discrepancy between the two normalizations. Since

Iq = (RΩX,yR
′)−1/2(RΩX,yR

′)(RΩX,yR
′)−1/2,
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subtracting this from the definition ofAn and collecting the two middle factors gives

An − Iq =
(
RΩX,yR

′)−1/2
R [Ωn,y(θn,y)−ΩX,y]R

′ (RΩX,yR
′)−1/2

.

Writing R = RQn,yQ
−1
n,y on the left and R′ = Q−1

n,yQn,yR
′ on the right, the outer factors combine

into Mn andM ′
n, so that

∥An − Iq∥ ≤ ∥Mn∥2
∥∥Q−1

n,y [Ωn,y(θn,y)−ΩX,y]Q
−1
n,y

∥∥ p−→ 0 (84)

by (78). By continuity of matrix inversion at Iq, ∥A−1
n − Iq∥

p−→ 0 as well.

Finally, the Wald statistic is

Wn := R(θn,y − θy,0)
′ (RΩn,y(θn,y)R

′)−1
R(θn,y − θy,0),

which involves only feasible quantities. Substituting R(θn,y − θy,0) = (RΩX,yR
′)1/2ξn from (83)

and using A−1
n = (RΩX,yR

′)1/2(RΩn,y(θn,y)R
′)−1(RΩX,yR

′)1/2 gives Wn = ξ′nA
−1
n ξn. Since

ξn
d−→ N(0, Iq) and A−1

n
p−→ Iq, Slutsky’s theorem gives Wn = ∥ξn∥2 + op(1), and the continuous

mapping theorem applied to the squared norm givesWn
d−→ χ2

q . This is Theorem 3(iii).

The proof of Theorem 3 is thus complete.
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